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Abstract
Queueing theory is a way for real-world problems modeling and analyzing. In many processes, the input is converted to the 

desired output after several successive steps. But usually limitations and conditions such as Lack of space, feedback, vacation, 
failure, repair, etc. have a great impact on process efficiency.This article deals with the modeling the steady-state behavior of 
a�������retrial queueing system with � phases of service. The arriving batches join the system with dependent admission due to the 
server state.If the customers find the server busy, they join the orbit to repeat their request. Although, the first phase of service is 
essential for all customers, any customer has three options after the completion of the 	 
 ��phase	 � ���� � � ��. They may take the 	 � �� 
 ��  phase of service with probability��, otherwise return the orbit with probability �� or leave the system with 
probability�� 
 �� 
 ���. Also, after each phase, the probabilistic failure, delay, repair and vacation are considered.In this article, 
after finding the steady-state distributions, the probability generating functions of the system and orbit size have been found. Then, 
some important performance measures of the system have been derived. Also, the system reliability has been defined. Eventually, to 
demonstrate the capability of the proposed model, the sensitivity analysis of performance measures via some model parameters 
(arrival/retrial/vacation rate) in different reliability levels have been investigated in a specific case of this model. Additionally, for 
optimizing the performance of system, some technical suggestions are presented. 

Keyword:Bernoulli vacation, Feedback, Performance measures, Retrial queue, State-dependent admission, Repair, Delay, Reliability

Introduction*

One way to identify the behavior of the systems in order 
to control and increase their productivity is to determine 
the model that they follow. On the other hand, without 
considering the priorities, real conditions and possible 
limitations for a system, the model fitting will not have 
the necessary efficiency.Today, increasing satisfaction 
of the customers is one of the most important priorities 
of dynamic systems.Sometimes, the customers arrive to 
the systems individually and sometimes in batches to 
receive services. For example, the sent products to the 
inspection test unit can be mentioned. In many systems, 
such as production of lines, achieving the desired result 
occurs after a multi-steps process. On the other hand, 
any system faces some limitations. One of these 
limitations is the lack of space for customers. In this 
case, the server is not ready to serve the customer at the 
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moment of arrival. Therefore, considering another space 
(called the orbit) for new customers to repeat their 
requests from there is one solution for this problem. 
This is known as the retrial phenomenon.Another 
constraint islimited resources and facilities.These 
systems have to impose restrictions on customer 
admission according to their conditionsdue to the state 
of the server (idle/busy). Also, dissatisfaction with the 
results of each step leads to incomplete process for 
reasons such as returning the customer to orbit for re-
service or leaving the system. Sometimes the system has 
to be refreshed by going on a vacation. On the other 
hand, system failure, especially when it is not possible 
to repair the system immediately, and the increasing 
cost and time can’t be neglected.Since reducing time 
and cost is one of the most important factors in 
customer satisfaction, overcoming these limitations is 
essential for the survival of the system.One of the useful 
techniques for modeling the systems and determining its 
performance measures (such as the mean of customers 
in the system and orbit and their waiting times) is the 
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queueing theory. On the other hand, the reliability 
assessment is an effective approach to maintain and 
enhance the quality of the process output, increasing 
customer satisfaction and market share in the 
competitive world today. So far, many studies have 
been done by scientists in this regard. Some of them are 
as follows: 

The optimizing of the phoneconversations in a call 
center by Erlang [1] was the first experience of using 
the queueing theory. 

Afterward, the retrial queueing models have been 
investigated by several researchers such as Falin and 
Templeton [2]. Also, a literature of the investigations 
about the retrial queues has been presented by Artalejo 
[3]. 

Besides, the batch arrival of the customers has been 
studied by many researchers. Falin [4], Kulkarni [5] and 
Yamamuro [6] are some examples of this subject. 

Some of the studied retrial queueing models have 
several essential or optional phases of services.  
Some of the works in this area have been done in this 
area are Kumar et al. [7],  Choudhury and Deka [8], 
Wang and Li [9], Maurya [10], Jeganathan et al. [11], 
Rao et al. [12]. 

Also, returning to the orbit (feedback) is considered 
in many of the studied systems. For example, Kumar et 
al. [16], Choudhury and Paul [13], Arivudainambi and 
Godhandaraman [14], BadamchiZadeh [15], Som and 
Seth [16], Rajadurai et al. [17], Bouchentouf et al. [18] 
have considered the feedback assumption in their 
models. 

On the other hand, depending on the situation, 
different systems face different types of vacations, such 
as general vacation by Senthikumar and 
Arumuganathan[19], modified vacation by Jain and 
Bhagat[20], Bernoulli vacation by Choudhury and 
Ke[21], working vacation by Azhagappan[22] and 
variant vacation by Ke[23].  

Occurrence of the breakdown/failure isthe 
inevitable issue for any system. Therefore, in designing 
any system, preventive or corrective actions should be 
planned. So, thebreakdowns/failures repairis one of the 
most important topics in this program. Therefore, this 
issue has been considered in many of the studied 
systems such as V. G. Kulkarni and Bong Dae Choi [24] 
and P.Rajaduraia et al. [25].  

But sometimes due to some limitations, these 
repairs are delayed.Madhu Jain and AmitaBhagat [26] 
and Choudhury and Ke[21] have been considered this 
issue in their model. 

Some systems aren’t able to respond to all 
customers. So, they have to impose restrictions on 
customer admission according to their conditions due to 
the state of the server (idle/busy). In this relation, 
Choudhury and Deka [27-28] have considered the 
Bernoulli admission mechanism in their model. 

Improving the system reliability is one way to 
achieve the secure system. The reliability of multi-

component systems was studied by Birnbaun et al. [29]. 
Also, these subjects have been considered in the 
queueing models by some authors such as Li et al. [30], 
Tang [31], Wang et al. [32] and Achcar and 
Piratelli[33]. 

In this article, modeling and analyzing a�������retrial queue system with k-phases of heterogeneous 
services in succession with first essential and � 
��optional phases, and state-dependent admission have 
been studied. Also, after each phase, the probabilistic 
feedback, failure, delay, repair, and vacation have been 
considered. Also, by considering the successful delivery 
of all service stages as the system successful, the 
conception of reliability has been defined and the 
reliability analysis hasbeen done. Of course, there exist 
the other definitions of the concept of reliability for 
other models which can be referred to [34-36]. 

 Despite many valuable studies, any system has not 
been studied with these conditions. The novelties of this 
article are considering all of the above conditions in a 
system together, modeling and obtaining the 
performance measures of the system and reliability and 
sensitivity analysis of a special case of it. In this 
relation, the queueingmethod for modeling and analysis 
of systems with process approaches hasbeen considered. 
This model is applicable in many processes such as 
telecommunication systems, telephone switching 
systems, computer networks, and inspection tests of 
products.  

For this model, the steady-state distributions, the 
probability generating functions of the system and orbit 
size have been found. Then, the performance measures 
have been obtained by using the supplementary variable 
technique.  

In summarizing, the main contributions of this 

article are as below: 

1) Considering batch arrival, state-dependent 
admission and (after each phase) the 
probabilistic feedback, failure, delay, 
repair, and vacation conditions together in 
a k-phases retrial queueing system with 
first essential and � 
 ��optional phases, 

2) Having three choices for customers after 	 
 ��phase 	 � ���� � � � 
 �� 
i. going to 	 � �� 
 ��phase service 
with probability ���� � ��,  
ii. going to orbit with probability��� 

iii. leaving the system with probability � 
 ��
���,  
3) Considering general assumptions such as 

arbitrary distributions of retrial/service 
times, different probabilities at each phase, 
and variable size of arrival batches to have 
a comprehensive model to contain 
different systems in special cases, 

4) Considering the system reliability and its 
effect in sensitivity analysis, 
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5) Providing an applicable example in the 
engineering field with technical 
suggestions, 

6) Using the queueing method for modeling 
and analysis of the systems with process 
approach. 

This paper is organized as follows. The model 
description is given in section 2. Section 3 deals with 
the analysis of the system containing the definitions, 
steady-state equations, and PGF†s. The PGFs of the 
system and orbit size and some important performance 
measures are obtained in section 4. Eventually, in 
section 5, by some numerical examples, the sensitivity 
of some performance measures isinvestigated. Also, the 
conclusions are provided in the section 6. 

Model Description 
The considered retrial queue has the following 
assumptions: 

A. The customers arrive in batches from outside 
the system according to a Poisson process with 
arrival rate � with admission depending to the 
state of server. So, the probabilities of arrival 
are�� when the server is idle,�  when the 
server is busy, �!when the server is on 
vacation,�"when the server is in delay and�# 
when the server is under repair. The probability 
mass function (p.m.f) of the size of batches 
is�$% � &'( � )� *) + �, withPGF ,-� � ./-�0and the first two factorial 
moments ,/�0and,/ 0 are finite. 

B. There is no waiting space and if the server is 
busy, the arriving batches enter a retrial group 
(orbit) to repeat the request for service with the 
FCFS discipline. Otherwise, one customer of 
the arriving batch takes the service and the 
others enter the orbit. 

C. If an arriving customer (primary or retrial) 
finds the server idle, then he/she/it enters 
immediately to take the first phase of service. 
The concept of the primary customer is the 
customer who has arrived to the system for the 
first time. 

D. The retrial times are generally distributed with 
distribution function�12�, density function 32� and Laplace transform14��. Also, the 
first and second moments of this distribution 
are finite. 

E. The server provides � phases of heterogeneous 
services in succession. The first phase is 
essential for all customers. At the end of 	 
 �� 
phase of service 	 � ���� � � � 
 ��, the 
customer may take the 	 � �� 
 �� phase with 
probability ��, return to orbit to repeat the 

                                                           
† Probability generating functions 

retrial to take the service again with probability �� or depart the system with probability � 
 �� 
 ��5The service times are independent 
and for 	 
 �� phase denoted by the random 
variable 6� with general distribution functions 6�2�, density functions 7�2� and Laplace 
transforms6�4��	 � ���� � � ��. Also, the first 
and second moments of these distributions are 
finite. 

F. At the end of  	 
 ��phase 	 � ���� � � ��, if 
the applicant does not go to 	 � �� 
 �� phase 
the server can have a vacation with probability 8� or may continue the new service with 
probability� 
 8�. Vacation times are random 
variables with general distribution 
function9�2�, density function :�2� and 
Laplace transform9�4��. The first and second 
moments of this distribution are finite. 

G. The server may fail at any phase. The life of 
the equipment used for the 	 
 �� phase service 
has an exponential distribution with parameter � 3�; � 	 � ���� � � ��5 

H. The delay time that occurred from the time of 
failure of the system to the time of repair at 	 
 �� phase 	 � ���� � � �� has a random 
variable <� with general distribution functions <�2�, density functions =�2� and Laplace 
transforms<�4��	 � ���� � � ��. Also the first 
and second moments of these distributions are 
finite. 

I. The repair time of the system faced with failure 
in the 	 
 �� phase has a random variable>� 
with general distribution functions >�2�, 
density functions ?�2� and Laplace 
transforms>�4��	 � ���� � � ��. Also the first 
and second moments of these distributions are 
finite. 

Analysis of the model 
To analyze the model, first, the state of the system is 
recognized. Since the distribution of the service times is 
unknown (general), thus, this model doesn’t hasthe 
Markovian property. But, an embedded Markov chain 
can be defined.  

For this, the state of the system at time t by the 
Markov process  @�� � A�B��� (��C is considered, in 
which for � D 	 D �: 

E�� �
FGH
GI� ������J�KJ?LJ?�	K�	=MJ�� ��J KJ?LJ?�	K�7NKO�3����3KJ 	P����������������������J�KJ?LJ?�	KQR�L3$3�	QR�3����3KJ�	S ��J KJ?LJ?�	K�	R�=JM3O�3����3KJ 	T ��J KJ?LJ? 	K�NR=J?�?J�3	?�3����3KJ 	

 
  

(1) 
 

 
and 
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(�� �
FG
H
GI1

U�����������E�� � �6�U����������E�� � �9�U����������E�� � P<�U���������E�� � S>�U���������E�� � T
 

  
(2) 

 

 
Also,B��corresponds the number of customers in 

the retrial queue at time t.  
 

Definition 1 For�	 � ���� � � �,  
a) The service conditional completion rates at 

time 2 is 

V�2� � 7�2��� 
 6�2�� 
by assumptions6��� � �, 6�W� � � and that 6�2�	 � ���� � � �� are continuous at 2 � �. 
 

b) The vacation conditional completion rates at 
time 2 is 

X�2� � :�2��� 
 9�2�� 
by assumptions9��� � �, 9�W� � � and that 9�2�	 � ���� � � �� are continuous at 2 � �. 
 

c) The delay conditional completion rates at time 2 is 

Y�O� � Z�O��� 
 <�O�� 
by assumptions<��� � �, <�W� � � and that <�O�	 � ���� � � �� are continuous at y� �. 
 

d) The repair conditional completion rates at time 2 is 

[�O� � \�O��� 
 ��O�� 
by assumptions���� � �, ��W� � � and that ��O�	 � ���� � � �� are continuous at y� �. 
 

e) The repeated attempts (retrial) rate at time 2 is  

]2� � 32��� 
 12�� 
where�1�� � �, 1W� � � and 12� is 
continuous at�2 � � . 
 

Definition2The reliability function of the 
system/applicants is defined as: 
 >. � ^�5 >.�_� (2) 
 
where 

>.� � ` �a������	 � ���� � ��ab�         ;     �>.U � �U � �         
;        >.� � �5 

According to the stated points in this section, the 
theory of the model can be extended in the following. 

First, the stationary distribution of the 
MarkovprocessA@��* � + �C under the stability 
condition is found. For this goal, the bellow 
probabilities are defined: 
 cU�� � �A(�� � 1U��� B�� � �C (3) 
 defghi cU�� � cU (4) 

 
where�E�� and B�� have been defined before and the 
probability densities are: 
 cj�� 2� � �A(�� � 1U��� B�� � R� 2 D1U�� k 2 � =2 C,� + �� 2 + ��� R + � (5) 

 defghi cj�� 2� � cj2�� 2 + �� R + � (6) 
 

and for 	 � ��� � ���� l��j�� 2� � �A(�� � 6�U��� B�� � R� 2 D 6�U��k 2 � =2������C�������� + �� 2 + �� R+ � (7) 

 defghil��j�� 2� � lj2�� 2 + ��� R + �� 	 � ���� � � � (8) 
 9��j�� 2� � �A(�� � 9�U��� B�� � R� 2 D 9�U��k 2 � =2�C�� + �� 2 + ��� R + � 
(9) 

 defghi9��j�� 2� � 9��j2� � 2 + ��� R + � (10) 
 <��j�� 2� O�� �A(�� � <�U��� B�� � R� O D <�U�� k O � =Om6�U+ � � O + �� 2 + � � R + � 
(11) 

 defghi<��j�� 2� O� � <��j2� O� � O + �� 2 + ��� R + � (12) 
 <��j�� 2� O� � 

�A(�� � <�U��� B�� � R� O D <�U�� k O � =Om6�U�� � 2C 
� + � � O + �� 2 + � � R + � (13) 

 defghi>��j�� 2� O� � >��j2� O� � O + �� 2 + ��� R + � (14) 

 
Now, by using the supplementary variable 

technique the steady state equations can be obtained for 	 � ��� � � as follow: 
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�cU � �n� 
 �� 
 �����_�
�b� 
 8��o V�2�l��U2�=2�i

U� o X�2�9��U2�=2i
U  

 (15) 

 =cpR�2�� q =2 � � � ]2� � cpR�2�� �� 
 �p��cpR�2���������������� ������������������R + � (16) 

 =l��U2� =2; � � � V�2� � 3��l��U2�� �� 
 � �l��U2�� o [�O�>��U2� O�=Oi
U  

(17) 

 
 
 =l��j2� =2q � � � V�2� � 3��l��j2�

� �� 
 � �l��j2� � �� n $%l��j_%2�j
%b�� o [�O�>��j2� O�=Oi

U ����� R + � 

 

(18) 

 
 =9p	� ���2�� q =2 � �� Xp	�2����9p	� ���2�� ��
 �pP���9p	� ���2� 

(19) 

 =9��j2� =2; � r� � X�2�s9��j2�� �� 
 �!�9��j2�
� ��! n $%9��j_%2�j

%b�
���������� �R + � 

(20) 

 =<��U2� O� =Oq � r� � Y�O�s<��U2� O�� �� 
 �"�<��U2� O� (21) 

 
 =<��j2� O� =2q � r� � Y�O�s<��j2� O�� �� 
 �"�<��j2� O� �����

� ��" n $%<��j_%2� O�j
%b�

����� R + � 
(22) 

 
 
 =>��U2� O� =Oq � r� � [�O�s>��U2� O�� �� 
 �#�>��U2� O� (23) 

 
 

=>��j2� O� =2q � r� � [�O�s>��j2� O�� �� 
 �#�>��j2� O�
� ��# n $%>��j_%2� O�j

%b�
��������������R + � 

(24) 

 
 

in which for �	 � ���� � � �, the boundary conditions are 
as below:  
 

cj�� �n� 
 8���� o V�2�l��j_�2�=2i
U

�
�b�

 

(25) �n� 
 8��� 
 �� 
 ���o V�2�l��j2�=2i
U

�
�b�

�no X�2�9��j2�=2�i
U

�
�b�

R
+ �

 
 

l��U�� � �$�cU � o c�2�]2�=2i
U � (26) 

 
 l��j��

� �$jt�cU � ��� n $%o cj_%t�2�=2i
U

j
%b�� o ]2�cjt�2�=2i

U � �������R + � 

(27) 

 

l��j�� � ��_� o l�_��j2�V�_�2�=2i
U � 

R + � � 	 � ��� � � 
(28) 

 9��U��� 8�� 
 �� 
 ���o V�2�l��U2�=2i
U ��������������  (29) 

 

9��j�� � 8��� o l��j_�2�V�2�=2i
U � o 8�� 
 ��i

U
 ���l��j2�V�2�=2 ��������R+ �
(30) 

 <��j2� �� � 3�l��j2� (31) 
 

>��j2� �� � o Y�O�<��j2� O�=Oi
U  (32) 

 
and the normalized condition is 
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cU �no cj2�=2i
U

i
jb�

�nnuo l��j2�=2i
U

�
�b�

i
jbU� o 9��j2�=2i
U�o o <��j2�=2=Oi

U
i
U� o o >��j2�=2=Oi

U
i
U v 

(33) 

 
. 
Now, the PGFs are defined as below: 

c2� -� � ncj2�-ji
jb�

� (34) 

 

c�� -� � ncj��-ji
jb�

� (35) 

 

l�2� -� � nl��j2�-ji
jbU

����������  

������������	 � ���� � 5 5 � � 
(36) 

 

l��� -� � nl��j��-ji
jbU

����������  

�����������	 � ���� � 5 5 � � 
(37) 

 

9�2� -� � n9��j2�-ji
jbU

����������  

������������	 � ���� � 5 5 � � 
(38) 

 

9��� -� � n9��j��-ji
jbU

����������  

����������	 � ���� � 5 5 � � 
(39) 

 

<�2� O� -� � n<��j2� O�-ji
jbU

� �� 
��������������	 � ���� � 5 5 � � 

(40) 

 

<�2� �� -� � n<��j2� ��-ji
jbU

� ���� 
����������������	 � ���� � 5 5 � � 

(41) 

 
 

>�2� O� -� � n>��j2� O�-ji
jbU

� ���������������� 
����	 � ���� � 5 5 � � 

(42) 

 

>�2� �� -� � n>��j2� ��-ji
jbU

����� 
	 � ���� � 5 5 � � 

(43) 

 
 

By multiplying equations (16)-(24) by -j and 
summation on�R, (44)-(48) are obtained: 
 wc2� -� w2q � /��� � ]2�0c2� -� � � (44) 
 wl�2� -� w2q � /� � V�2� � 3�0l�2� -�� �� 
 � �l�2� -�� �� ,-�l�2� -�� o [�O�>�2� O� -�=Oi

U  

(45) 

 w9�2� -� w2q � /� � X�2�09�2� -�� �� 
 �!�9�2� -�� ��!,-�9�2� -� (46) 

 
 w<�2� O� -� wOq � /� � Y�O�0<�2� O� -�� �� 
 �"�<�2� O� -�� ��",-�<�2� O� -� (47) 

 
 w>�2� O� -� wOq � /� � [�O�0>�2� O� -�� �� 
 �#�>�2� O� -�� ��#,-�>�2� O� -� (48) 

 

Theorem 1The PGFs for x-x D ��and 	 � ���� � � ��are: 
 c2� -� � c�� -�/� 
 12�0yz��
���2� (49) 
 l�2� -� � l��� -�/� 
 6�2�0yz��
2��-�� (50) 
 ��-� � �� r� 
 ,-�s� 3�/�
 <�4��"�
 ,-���0��4��#�
 ,-��� 

(51) 

 
 l�2� -� � l��� -�/� 
 6�2�0yz��
2��-�� (52) <�2� O� -� � <�2� �� -�/�
 <�O�0yz��
��"�
 ,-��O� (53) 

 >�2� O� -� � >�2� �� -�/�
 ��O�0yz��
��#�
 ,-��O� (54) 
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where 

<�4��"� 
 ,-���
� o yz�
��"� 
 ,-��O�i

U
=<�O� 

��4��"� 
 ,-���
� o yz�
��#� 
 ,-��O�i

U
=��O� 

ProofBy solving the differential equations (44)-(48) the 
above relations can be obtained. For example, (50) has 
been obtained by using (45), as below: w w2; l�2� -�l�2� -� � 
 {V�2� � 3� � �� � �� ,-�

� | [�O�>�2� O� -�=OiU l�2� -� } 
o [�O�>�2� O� -�=Oi
U � o >�2� �� -�/�i

U
 ��O�0 yz�r
��#r�
 ,-�sOs [�O�=O 

� >�2� �� -�o \�O� yz�r
��#r� 
 ,-�sOs =Oi
U  

� >�2� �� -���4 ~��#r� 
 ,-�s� 
also, by using (32): 

>�2� �� -� � o <�2� O� -�Y�O�=Oi
U � o <�2� �� -�/�i

U
 <�O�0yz��
��"�
 ,-��O�Y�O�=O � <�2� �� -�<�4 ~��"r� 
 ,-�s� 

and by using (31): 

  

o | [�O�>�2� O� -�=OiU l�2� -� =2i
U
� o 3�l�2� -�<�4 ~��"r� 
 ,-�s� ��4 ~��#r� 
 ,-�s�l�2� -� =2i

U  

� 3�<�4 ~��"r� 
 ,-�s���4 ~��#r� 
 ,-�s� 2 
so, l�2� -�� J_| �������� J2���
3�
 �� r�


 ,-�s�2�J2� �o | [�O�>�2� O� -�=OiU l�2� -� =2i
U � 

� l��� -�/� 
 6�2�0yz��
2��-�� 

and also, by using the formula (28) and (37),  
 l��� -� � >�_�(�_�4 l��� -� (55) 

sothat 

(�4 ��6a4 ~�a-���
ab�

 

and 

>� ���a�
ab�

 

�U � ���������� � �������>U � �������>� � �
In addition, l��� -�, l��� -�, c�� -�, 9��� -�, <�2� �� -� and >�2� �� -� have been obtained as bellow:  

l��� -� � nl��j��-ji
jbU

� �$�cU � o c�2�]2�=2i
U � 

nl��j��-j � �cUn,jt�-ji
jbU

�i
jb�

o ncjt�2�-ji
jbU

]2�=2i
U

� ���n n ,%o -jcj_%t�2�=2i
U

j
%b�

i
jbU

so, -l��� -�
� �cUn,jt�-jt�i

jbU
� o n-jt�cjt�2�i

jbU
]2�=2i

U
� ��� n ,%o n-jt�cj_%t�2�=2i

jb�
i
U

j
%b�� �cU,-� � o c2� -�]2�=2i

U
� ���n n ,%-%o -j_%t�cj_%t�2�=2i

U
j

%b�
i
jbU� �cU,-� � o c2� -�]2�=2i

U � ���,-�o c2� -�=2i
U

Now, by using (49) the bellow relation have been 
obtained: 
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-l��� -�� �cU,-�� c�� -�o /�i
U
 ����������������������12�0 yz�
���2� ]2�=2� ������������������������,-�c�� -�o /�i

U
 ��������������������12�0 yz�
���2� =2������������������� �cU,-� � c�� -�14����� �������������������������,-�c�� -�o /�i
U
 ���������������������12�0 yz�
���2� =2 ����������������� �cU,-�� c�� -�A14����� ���������� �����,-�/�
 14����0C 

(56) 

Also, by using (29), (30) and (55), 9��� -� can be 
obtained: 

9��� -� � n9��j��-ji
jbU � o 8�/� 
 ��i

U
 ���
 -�0l�2� -� V�2�=2� 8�/� 
 �� 
 ��� 
 -�0l��� -�6�4r��-�s� 8�/� 
 �� 
 ��� 
 -�0l��� -�>�_�(�4 

(57) 

 
And by using (25) and (35): 
 c�� -� � � � 
 8����- | V�2�l�2� -�=2iU��b� �� � 
 8��� 
 �� 
 ��� | V�2�l�2� -�=2iU��b� �� | X�2�9�2� -�=2�iU��b� -��cU 
 

And by using (55) and (57): 
 c�� -� � l��� -�� A� 
 8����- � � 
 8��� 
��b��� 
 ��� � 8�/� 
 �� 
 ��� 
 -�0C>�_�(�4-��cU � l��� -��-� 
 �cU 

Now, by substitutingl��� -�from(56),c�� -�can be 
obtained:  
 
c�� -� � �cU/,-��-� 
 -0- 
 �-��14���� � ,-�r� 
 14����s� 

In witch, 

�-� �nA� 
 8����- � � 
 8��� 
 �� 
 ����
�b� � 8�/� 
 �� 
 ��� 
 -�0C>�_�(�4

Obtaining relations >�2� �� -� and <�2� �� -� has 
already been discussed before. 
 
Theorem 2 
Under the steady state condition,the joint distributions 
of the server state have the following partial generating 
functions: 
 c-�
� �cU /,-��-� 
 -0/� 
 14����0����- 
 �-��14���� � ,-�r� 
 14����s��
 

(58) 

 

(59)  
l�-�
� �cU 14����/,-� 
 �0�� 
 6�4r��-�s�>�_�(�_�4

��-��- 
 �-��14���� � ,-�r� 
 14����s��
  9�-�

� �cU 8�/� 
 �� 
 ��� 
 -�0 �� 
 9�4 ~��!r� 
 ,-�s�� 6�4r��-�s���!r� 
 ,-�s�� 
 6�4r��-�s�
(60) 

<�-� � 3� �� 
 <�4 ~��"r� 
 ,-�s��
��"r� 
 ,-�s l�-� (61) 

 >�-�
� 3� <�4 ~��"r� 
 ,-�s� �� 
 ��4 ~��#r� 
 ,-�s��

��#r� 
 ,-�s l�-� (62) 

 
 

Proof The partial generatingfunctions c-�� l�-�, 9�-�� <�-� and >�-� are defined as follow: 
 

c-� � o c2� -�=2i
U  (63) 

 

l�-� � o l�2� -�=2i
U � (64) 

 

9�-� � o 9�2� -�=2i
U 5 (65) 

 

<�-� � o o <�2� O� -�i
U =2=Oi

U 5 (66) 

 

<�-� � o o <�2� O� -�i
U =2=Oi

U 5 (66) 
 

>�-� � o o >�2� O� -�i
U =2=Oi

U 5 (67) 

 
By substituting the equations (49)-(54) in these 

formulas, the relation in equation (58)-(62) can be 
obtained. 
Also, to findcU, the normalizing condition can be used 
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cU
� � 
 ���� 
 r� 
 14����s,/�0� 
 ���� � �,/�0� �>�_�7�� �3�\�� � 3�=�� 
 8�� 
 ��� ������ 
 �����b�
 

(68) 

System performance measures 
In this section, some essential performance measures are 
derived. For this, the partial generating functions of the 

number of customers in the system and in orbit are 
introduced. Then by differentiating of these functions, 
the means of system and orbit size are obtained.      

Proposition  
a) The PGF of the number of customers in the 

system is 

 

�-� � cU /,-��-� 
 -0/� 
 14����0 � ���- 
 �-��14���� � ,-�r� 
 14����s� � 14�����-�����- 
 �-��14���� � ,-�r� 
 14����s��
(69)  

where 

�-� �n>�_�(�_�4
�!�"�#

�
�b�

��!�� 
 6�4r��-�s� �-�"�# � 3��# �� 
 <�4 ~��"r� 
 ,-�s��
� 3��"<�4 ~��"r� 
 ,-�s� �� 
 ��4 ~��#r� 
 ,-�s���
� �"�#8�/� 
 �� 
 ��� 
 -�0 �� 
 9�4 ~��!r� 
 ,-�s�� 6�4r��-�s��-�� 

b) The PGF of the number of customers in orbit is 

��� � �U /������ 
 �0/� 
 �4� ��0 �  ��� 
 �����4� �� � ���r� 
 �4� ��s� � �4� ��¡��� ��� 
 �����4� �� � ���r� 
 �4� ��s��  

(70)
where 

¢-� �n>�_�(�_�4
�!�"�#

�
�b�

��!�� 
 6�4r��-�s� ��"�# � 3��# �� 
 <�4 ~��"r� 
 ,-�s��
� 3��"<�4 ~��"r� 
 ,-�s� �� 
 ��4 ~��#r� 
 ,-�s���
� �"�#8�/� 
 �� 
 ��� 
 -�0 �� 
 9�4 ~��!r� 
 ,-�s�� 6�4r��-�s��-�� 

Corollary  

a) The mean system size is: 
 

£¤ � cU ¥ def¦h� §��\� 
 \��§��/\�0 � (71) 

 
in which 
 \-� � ���- 
 �-��14���� � ,-�r� 
 14����s�� 

 \�-� � ���� 
 ��-��14���� � ,-�r� 
 14����s� 
 ,�-��-�r� 
 14����s� 
 def¦h� \�-� � ���� 
 ���� 
 ,/�0r� 
 14����s� 
 \��-� � ���
���-��14���� � ,-�r� 
 14����s� 
 �,�-���-�r� 
 14����s 
 ,��-��-�r� 
 14����s� 
 def¦h� \��-� � ���
����� 
 �,/�0����r� 
 14����s 
 ,/ 0r� 
 14����s� 
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�-� �nA� 
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 �� 
 ��� � 8�/� 
 �� 
 ��� 
 -�0C>�_�(�4�
�b�

 

def¦h� �-� � � 

��-� �nA� 
 8���� � 8���C>�_�(�4�
�b�

�nA� 
 8����- � � 
 8��� 
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 ��� � 8�/� 
 �� 
 ��� 
 -�0C>�_� ==-
�
�b�

(�_�4  

def¦h� ==- (�4 �n�a���
�

ab�
7a� 

��-� � �� r� 
 ,-�s � 3�/� 
 <�4��"� 
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 ,-��� 
����� � def¦h� ==- ���-� 
 ����� � 
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 >���_�
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�
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b) �
The mean orbit size is: 
 

£® � cU ¥ def¦h�)��-�\�-� 
 \��-�)�-��/\�-�0 � (72) 

 
in which 
 )-� � /,-��-� 
 -0/� 
 14����0 � ���- 
 �-��14���� � ,-�r� 
 14����s� � 14����¢-�� 
 )�-� � �,�-��-� � ,-���-� 
 ��r� 
 14����s� ���� 
 ��-��14���� � ,-�r� 
 14����s� 
 ,�-��-�r� 
 14����s � 14����¢�-�� 
 )��� � def¦h�)�-� � �,/�0 � ���� 
 ��r� 
 14����s � ���� 
 ���� 
 ,/�0r� 
 14����s � 14����¢���� 
 )��-� � �,��-��-� � �,�-���-� � ,-����-��r� 
 14����s� ������-��14���� � ,-�r� 
 14����s� 
 �,�-���-�r� 
 14����s
 �-�,��-�r� 
 14����s � 14����¢��-�� 
 )���� � def¦h�)��-� � �� 
 ����,/ 0 � �����,/�0� � ������r� 
 14����s � ���¢��-�14���� 
 ������ 

 

¢�-� � =¢-�=-  

¢��� � def¦h�¢�-� � 
n>�_� «�����7�� � 8�� 
 ����! X��}�
�b�

 

¢���� � def¦h�¢��-�
� 
�n=(�_�4

=- >�_� «�����7�� � 8�� 
 ����! X��}�
�b�

�n >�_��!�"�#
�
�b�

¬
�!�"�# ©������7�� � ~������ 7� ª � ��!�����3�7���#=�� � �"\���

 ��"�#8�X����� � � 
 ��������� � 7���� 
 �"�#8�X� � 
 ��� 



a)

b)

 
 

38/ IJRRS /

 

 

Proof of cor
By differenti
at�- � ��and 

By differenti- � �� and ap

In follow, we
customers at 
formula and 

Number of
phases 	� 

1 

2 

3 

 

Then, the
inspection re
values of rel
the following

 

Figure 1. Perf

As Fig
increasing tre

/ Vol. 3/ Issue 2/ 

rollary
iating of the �
applying L’H

�£¤ � def¦
iating of the¯
pplying L’hop

�������£® � def
e can obtain th
the system an
relations (71)

�¤ � £¤���

f 
Name of ph

Painting inspe

Pressure t

Operation 
inspection  ma
operating type

 

e results of the
espect to the v
iability in the
g: 

formance meas
and RE when 

gure 1 show
end, when �

2020 

�-� in (69),ta
Hopital rule we

¦h� =�-� =-q-� in (70), ta
pital rule we h

f¦h� =¯-� =q
 

he mean of wa
nd orbit by usi
 and (72) as fo

,and�® � £®�

Table 1.The va

ases 
Distribut
of servi

times

ection 
Exponen

Exp)

ests Exp 

anual 
e 

Exp 

 

e sensitivity an
values of �, ° a
e Fig. 1., Fig. 

sures for variou] � �� and L!
ws,�£¤ and£®
 tends to incre

aking limit 
e have 

-. 
aking limit at 
have 

=-5�
aiting time of 
ing Little’s 

follows:

��5�

alues of the par

tion 
ice 
s 

Mean of
service tim

(min)

ntial(
) 3  

5  

10  

 

nalysis of the 
and L! at diffe
2. and Fig. 3

s values of� ([1� ± 

 experience 
ease.  

T

In 
sho

con
are
qua
the
So,
Poi
insp
retr
dist
occ
are
exa
the

ameters of mod

f 
mes 

The probab
(��

(Three c
differen

0.999999  

0.999999  

0.999999  

 

test 
erent 
., in 

 

1,3]) 

an 

Fig
dec
 

The Numer

this section, 
own in a speci

The inspect
nsidered as an
 used at sev
ality and insp
m. This proc
, the valves a
isson distribut
pect all the 
rial times in
tribution with
curred at the e
 distributed e

ample, the pro
 effect of dela

del for quality c

bility of pass of th
�� 	 � ����3R=�^!�

cases are consider
nt value of reliab

9 0.8  

9 0.8 

9 0.8 

 

gure 2 demon
creasing trend

Figure 2. Perfo
([5,10]

rical Exam
test of v

the results of
ific case of thi
tion process o
n application 
veral enginee

pection proces
ess can be do
are sent to a
tion with rate 

valves(�� �
n this proce
h rate ° pe

end of third ph
exponential w
obability of fa
ay and repair v

control of valve

he phase 
� 
red for 
ility) 

0.65 

0.65 

0.65 1-10

  

nstrates that, 
, when ] incre

ormance measu
) and RE when

S.Abdollah, M

mple (The in
alves)
f a numerical
is model. 
of a valve pro
of this mode
ering system
sses are very 
one in 3 phas
a station indiv� per hour. It �� 	 � ����P�S
ess have an
er hour. The
hase and the v
with meanL! 
ailure is consid
variables is no

s 

�� 

0.1 

0.1 

0-6 0.2 0.3

 
 £¤ and£®  

eases. 

ures for various 
n � � � and L! �

M. R. Salehi Rad

nspection

l example are

oducer can be
el. The valves

ms, thus their
important for

ses (Table 1).
vidually with
is possible toS�T�5Also the

n exponential
e vacation is
vacation times

(min).In this
dered zero, so
ot examined. 

 
 8� 

0 

0 

35 

0.1 

 

experience a

 

values of�] � ± 

e 

e 
s 
r 
r 
. 

h 
o 
e 
l 
s 
s 
s 
o 

a 



 

Reliability and 

Figure 3. P
([6

It seems 
increasing tre

Also, Fig
value of relia

Thus,the 
increased to
following co

(1) The
(2) Raw

man
cont

(3) Acc
com
chec
imp
reje

(4) Che
usin

In thispaper, 
essential pha
probabilistic 
vacation con
model, the 
functions of 
orbit, and som
the mean of 
the system an
the supplem
specificcase 
performance 
values of th
results of thi
presentedfor 
order to con
system. In 
analyzing mu
the systems
dependent ca

[1] John, F.
Fundame
Probabil

Sensitivity Analy

Performance me
6,12]) and RE w

from Figure 3
end when L te

gure 1, 2 and 
ability, the  £¤?�3R=�^!prob
o reliability i
mments can h

e casting proce
w materials us
nufacturing, sh
trolled. 

cording to the 
mment, all fast
cked by stand

proves flanges
ection rate. 
ecking punche
ng Bench test 

Con
a������� re

ase and � 

feedback, 

nditions at eac
steady-state

the number o
me important 
the system a

nd orbit waiti
mentary varia

of this mod
measures via

e reliability i
is analysis, so
managing th

ntrol and opti
the future re
ulti-stage sys

s which thei
an be consider

Ref
.Sh., James, M
entals of Que
lity and Statist

ysis of a Batch A

easures for vari
when � � �3R=
3 that, £¤ and
ends to increas
3 show that, b
¤ and£® are inc
babilities (	 �
increasing. C
help to increas

ess output has
sed for stem va
hould be evalu

experiment an
tens and conne
dard gauges. T
 quality and re

es of valves af

nclusion  
etrial queueing� optional ph

failure, dela
ch phase is con
e equations, 
of customers i

performance 
and orbit size 
ng times have
able techniqu
el, the sensit

a model param
is conducted.A
ome technica

he parameters 
imize the per
esearches, th
tems with sev
ir service ph
red. 

ferences 
M.Th.,Donald

eueing Theory
tics (2018) 

rrival Retrial Que

ious values of²=] � �� 

d£® experience
se.  
by increasing
creased.� ����, should

Consequently, 
se reliability. 

s to be tested.
alves 
uated and 

nd experts 
ections should

This task 
educes the 

fter assembly b

g model with 
hases of serv
ay, repair, 
nsidered. For 

the genera
in the system 
measures suc
and the mean

e been derived
ue. Then, in
tivity analysis

meters in diffe
According to 

al suggestions 
of the mode

rformance of 
he modeling 
veral servers 
hases times 

d, G.,Carl, M
y. Wiley Serie

eue...

 

³ 

e an 

g the 

d be 
the 

d be 

by 

first 
vice, 
and 
this 

ating 
and 
h as 
n of 
d by 
n a 
s of 

erent 
the 
are 

el in 
f the 

and 
and 
are 

M.H.: 
es in 

[2]

[3]

[4]

[5]

[6]

[7]

[8]

Falin, G.I.,
London, Cha
Artalejo, J.R
queues. Mat
Falin, G.I.: 
queue. Adv.
Kulkarni, V
multiclass b
Probab. 23, 
Yamamuro, 
arrival retri
(2012) 
Kumar, B.K
M/G/1 retri
service and 
113, 61-79 (
Choudhury,
queueing sy
to the ser
Evaluation. 

[9] Wang, 
with g
service.
(2009)

[10] Maurya
significa
arrival 
with s
Bernoul
Res. 1(1

[11] Jeganath
A retr
custome
Opsearc

[12] Rao, S
T.S.: A
with im
and del
115(4), 

[13] Choudh
queuein
Manag. 

[14] Arivuda
batch ar
service,
Appl. M

[15] Badamc
phase q
in servic
52(4), 6

[16] Som, B
systems
retentio
Oper. R

[17] Rajadur
Saravan
unreliab

IJRRS:Vol. 3/ I

 Templeton,
apman and Ha
R.: Accessibl
th. Comput. M

On a multi
 Appl. Probab
V.G.: Expect
batch arrival
144–154 (198
K. The queue

ial queue. Qu

K., Kumar, A.V
ial queueing 
preemptive r

(2002) 
, G., Deka,
ystem with tw
rver breakdow

65(10), 714-7
J., Li, J.: A 

general retria
 J. Syst. Sci

a, V.N.: S
ant performa

retrial queu
second phase
lli vacation sc
1), 1 – 15 (201
han, K., Kath

rial inventory
ers and se
ch. 53, 808-83
.H., Vemuri, 

Analysis of tw
mpatient custo
layed repair. 
651-663 (201

hury, G., Pa
ng system wit

Sci. 16(1), 35
ainambi, D., 
rrival retrial 
 feedback an

Math. Sci. 6(22
chiZadeh, A.
queueing syste
ce and single 

617-630 (2015
B.K., Seth, 
s with encou
n and feedba

Res. 28(00), 6-
rai, P., 
narajan, M.C.
ble retrial G-

Issue 2/ 2020 

 J.G.C.: Re
all (1997) 
le bibliograph

Model. 30, 1-6 
class batch a

b. 20, 483–487
ted waiting 
l retrial queu
86) 
e length in an
ueueingSyst 

V., Arivudain
system with

resume.  Ann

, K.: An��
wo phases of se

wn and repa
724 (2008) 
single server 

al times and
i. Complex. 

Sensitivity a
ance measur
ueing�����
e optional 
chedule. Int. O
13) 
iresan, J., Anb
y system w
econd optio
34 (2016) 

V.K., Kuma
wo-Phase que
omers, server
Int. J. Pure. 

17) 
aul, M.: A 
th Bernoulli f
5-52 (2005) 

Godhandara
queue with tw
nd K option
2), 1071-1087
: A batch a
em with rand
vacation poli

5) 
S.: ´�´�µ�

uraged arriva
ack customer
-6 (2018) 
Chandrasekar
: Analysis of
queue with o

/39

etrial queues.

hy on retrial
(1999) 

arrival retrial
7 (1988) 

times in a
ue. J. Appl.

n M/G/1 batch
70, 187–205

nambi, D.: An
h two phase
n. Oper. Res.

���� retrial
ervice subject
air. Perform.

retrial queue
d two phase

22, 291–302

analysis on
res of bulk
�� � ���model

service and
Open. J.Oper.

bazhagan, N.:
with priority
nal service.

ar B.S., Rao
ueing system
r breakdowns

Appl. Math.

two phase
feedback. Inf.

aman, P.: A
wo phases of

nal vacations.
7 (2012) 
arrival multi-
dom feedback
cy. Opsearch.

�¶ queueing
als, reneging,
rs. Yugosl. J.

ran, V.M.,
f an ������
orbital search

. 

l 

l 

a 
. 

h 
5 

n 
e 
. 

l 
t 
. 

e 
e 
2 

n 
k 
l 
d 
. 

: 
y 
. 

o 
m 
s 
. 

e 
. 

A 
f 
. 

-
k 
. 

g 
, 
. 

, � 
h 



40/ IJRRS / Vol. 3/ Issue 2/ 2020 

 

S.Abdollah, M. R. Salehi Rad

and feedback under Bernoulli vacation 
schedule. Opsearch. 53(1), 197-223 (2016)  

[18] Bouchentouf, A.A., Cherfaoui, M., Boualem, 
M.: Performance and economic analysis of a 
single server feedback queueing model with 
vacation and impatient customers. Opsearch. 
56, 300-323 (2019) 

[19] Senthikumar, R.,Arumuganathan,M.: On the 
single server batch arrival queue with general 
vacation time under Bernoulli schedule and two 
phases of heterogenous service. Quality 
Technology and Quantitative Management. 5, 
145-160 (2008) 

[20] Jain, M., Bhagat, A.:������ retrial vacation 
queue for multi-optional services, phase repair 
and reneging. Quality Technology and 
Quantitative Management. 13(3), 63-288 
(2016) 

[21] Choudhury, G., Ke,JC.: A batch arrival retrial 
queue with general retrial times under bernoulli 
vacation schedule for unreliable server and 
delaying repair. Applied Mathemathical 
Modeling. 36, 255-269 (2012) 

[22] Azhagappan, A.: Transient behavior of a 
Markovianqueue with working vacation variant 
reneging and awaiting server. TOP 27,351 
(2019) 

[23] Ke,JC.: Operating characteristic analysis on the 
MX/G/1 system with a variant vacation policy 
and balking. Applied Mathematical Modeling. 
31,1321–1337 (2007) 

[24] Kulkarni, V.G.,Bong, D. C.: Retrial queues 
with server subject to breakdowns and repairs. 
Queueing Systems.7, 191–208(1990) 

[25] Rajadurai, P., Saravanarajan, M.C., 
Chandrasekaran, V.M.: A study on M/G/1 
feedback retrial queue with subject to server 
breakdown and repair under multiple working 
vacation policy.Alexandria Engineering 
Journal.57(2), 947-962 (2018) 

[26] Jain, M.,Bhagat, A.: Unreliable bulk retrial 
queues with delayed repairs and modified 

vacation policy.Journal of Industrial 
Engineering International. 10, 
Article number: 63 (2014)  

[27] Choudhury, G., Deka, K.: An ������ 
unreliable retrial queue with two phases of 
service and Bernoulli admission mechanism. 
Appl. Math. Comput. 215(3), 936-949 (2009) 

[28] Choudhury, G., Deka, K.: A batch arrival retrial 
queueing system with two phases of service and 
service interruption. Comput. Math. with Appl. 
59(1), 437-450 (2010) 

[29] Birnbaun,ZW.,Esary, JD., Saunders, SD.: 
Multi-component systems and structures and 
their reliability. Technometrics. 3(1): 55-77 
(1961) 

[30] Li, W., Shi, D., Chao, X.: Reliability analysis 
of M/G/1 queueing system with server 
breakdowns and vacations. Journal of Applied 
Probability. 34: 546–555 (1997) 

[31] Tang, Y.: A Single Server M/G/1 Queueing 
system subject to breakdowns: some reliability 
and queueing problems. Microelectronics 
Reliability. 37: 315–321 (1997) 

[32] Wang, J., Cao, J., Li, Q.: Reliability analysis of 
the retrial queue with server breakdowns and 
repairs. Queueing Systems 38: 363–380. (2001) 

[33] Achcar,JA.,Piratelli, CL.: Modeling quality 
control data Weibull distributions in the 
presence of a change point. The International 
Journal of Advanced Manufacturing 
Technology. 66: 1611-1621 (2013) 

[34] Dept. of Def. of USA.: Electronic reliability 
design handbook. MIL-HDBK-338B, USA 
(1998) 

[35] Dept. of Def. of USA.: Unmanned aerial 
vehicle reliability study. Office of the secretary 
of defence, USA (2003) 

[36] Dept. of NAVY of USA (NSWC).: Handbook 
of reliability prediction procedures for 
mechanical equipment. Bethesda, Maryland, 
20817-5700,USA2006).


