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Abstract

A phased-mission system (PMS) involves several different tasks or phases that must be accomplished in sequence. The system
configuration, task success criteria, and component failure characteristics may vary from phase to phase. Consequently, the
reliability evaluation of PMSs is more challenging than that of single-phase in the field of system reliability analysis. The
paper deals with the reliability evaluation of non-repairable Phased-Mission Systems with three phases and five phases
involving dependent components in each phase. The cumulative exposure model has been used to model a PMS, and the
dependency between components of a system in a phase is modeled using the Gumbel-Hougaard copula. Reliability
importance analyses of the 3-PMS and 5-PMS have also been carried out. The method developed has been illustrated
using numerical examples. The proposed methodology can also be generalized to PMSs with more than five phases.

Keywords: copulas; cumulative exposure model; phased-mission system; reliability; reliability importance measure.

1. Introduction

The increasing level of complexity and automation in
engineering systems has resulted in dependencies among
components within these systems. The operation of
missions encountered in aerospace, nuclear power,
chemical, electronic, navigation, military fields, and
many other applications often involves several different
tasks or phases that must be accomplished in sequence.
The system configuration, task success criteria, and
component failure characteristics may vary from phase to
phase. During each mission phase, the system has to
accomplish a specified task and may be subject to
different stresses as well as different dependability
requirements. This dynamic behavior requires a distinct
model for each phase of the mission in the reliability
analysis to be able to verify whether a system has met
desired reliability.

Definition 1.1: A phased-mission system (PMS) is
defined as a system where the mission consists of phased
sub-missions whose relevant configuration changes
during time periods (phases).

Definition 1.2: The reliability of a PMS is defined
as the probability for all tasks in the PMS to complete
successfully.

The evaluation of the reliability of a PMS must
account for changes in configuration, component use, and
stresses.

Some examples of PMSs are:

e An aircraft flight involves take-off, ascent,
level-flight, descent, and landing phases. During
each phase, the system has to accomplish a
specified task and may be subject to different
stresses,  environmental  conditions, and
reliability requirements. For example, in a twin-
engine airplane, one engine is required during
the taxi phase, but both engines are necessary
during the take-off phase. In addition, the
engines are more likely to fail during the take-
off period because they are generally under
enormous stress in this phase as compared to
other phases of the flight profile. See for
example [1] and [2].

e The batch processing of jobs on a distributed
computer system in which each job requires
different system resources to be available, thus
resulting in different success criteria for each
task.

e In a boiling water reactor [3], a loss of coolant
accident involves three phases for emergency
core cooling - initial core cooling, suppression
core cooling, and residual heat removal.

PMSs introduced by [4] have been studied
extensively in the literature. There are broadly three
classes of analytical approaches to analyze the reliability
of PMSs, viz., Combinatorial approach, State-space
oriented Method, and Phase Modular approach.
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Combinatorial methods exploit Boolean algebra and
various forms of decision diagrams and can handle any
arbitrary types of distributions [2], [5]- [9]. State space-
based methods (e.g., Markov chains, Petri nets) are
powerful and flexible in modeling various dependencies
but suffer from state explosion when modeling medium
to large-scale systems [5], [10]. The phased Modular
approach is the integrated approach combining the
combinatorial approach and state space-based approach
[2]. See also [6], [11]- [16]. Simulation methods can
typically offer great generality in representing system
behavior but can only provide approximate results [6].
The present paper uses the copula-based approach to
capture dependencies amongst the components of the
system in each phase. Copulas help model dependency
between dependent components of a reliability system.
The dependence structure relates the known marginal life
distributions of components to their multivariate
distribution [17]. The kind of dependence structure comes
from the choice of an appropriate copula. There are many
types of copula functions, such as Gaussian copula,
Student’s t-copula, Frank copula, Clayton copula and
Gumbel copula. The copula-based approach in reliability
theory has been studied by several authors, for example,
[18]- [20]. However, this approach has not been used in
PMSs so far. Gumbel-Hougaard Copula is used in this
paper. The concept of equivalent age of a component to
represent the cumulative damage it has accrued up to a
given point of time is used [21].

The paper is organized as follows:

Section 2 describes the PMS models considered.
Section 3 describes the copula function; Section 4
presents the method for evaluating the entire phased
mission reliability; reliability importance analyses of the
three PMSs have been carried out in Section 5, and
Section 6 illustrates the proposed method.

2. PMSs Model Description

Two different three phases of mission systems (3-PMS)
have been used, as depicted in Figure 1 see [10] and
Figure 2 [9]. Also, the 5-PMS system representing the
space application mission discussed by [22]- [23] (see
also [9]) is shown in Figure 3.
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Figure 1. 3-PMS with inactive components.

Figure 1 comprises three phases with:

e The first phase comprises two subsystems in
series, with the first subsystem composed of one
component, C;, and the second subsystem being
a parallel-series system of two subsystems with
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one composed of one component, C,, and the
other two components, viz., Cz and C,,

the second phase is composed of a parallel-series
configuration of two subsystems in which one is
composed of two components, viz., C; and C,
and the other one component, Cs; component Cq
being inactive,

the third phase consists of a series configuration
of three components, C1, Cs, and C4; component
C; is inactive.

Figure 2 comprises three phases with:

the first phase comprises a series configuration
of three components, viz., A, B, and C,

the second phase comprises a parallel
configuration of three components, viz., A, B,
and C,

The third phase is composed of a series-parallel
configuration of two subsystems, with one
comprising one component, A, and the other
comprising two components, B and C.

Figure 3 comprises five phases with:

the first phase is launch comprising 3-out-of-4
subsystems in series with a parallel subsystem
of order 2,

the second phase is Hibern.1 comprises a
parallel system of order 2,

the third phase is Asteroid comprising a 3-out-
of-4 subsystem in series with a parallel
subsystem of order 2,

the fourth phase is Hibern.2 comprises a
parallel system of order 2,

the fifth phase is Comet comprising a 3-out-of-
4 subsystem in series with a parallel subsystem
of order 2.
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Figure 3. 5-PMS with active components (Spacecraft

Application).
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Assumptions
The reliability of these PMSs is derived using the
following assumptions:
o  The lifetimes of all the components in the
subsystems are dependent.
e  The components in a phase follow a Weibull or
exponential life distribution.
e The structure of the system varies across the
phases.

3. Copula Function

The dependency existing between the marginal random
variables in bivariate and multivariate distributions is
described by a copula [17]. The copula describes the way
in which the marginal are linked together on the basis of
their association.

The Weibull life distribution is widely used in the
industrial situation, and exponential life distribution is its
particular case. The reason for using Gumbel-Hougaard
Copula in this work is the existence of the following
relationship:

Weibull life distribution < Gumbel-Hougaard
Copula
for the bivariate case, which can be extended to n
dimensions, see [24].

Let X;, X2 and Xs be the random variables
with G, (x;), G,(x,) and Gs(x3) as their marginal
reliability functions, respectively. Let H(x,,x,,x3) be
their corresponding joint reliability function. Then,
according to Sklar’s Theorem, there exists a copula
reliability function c.,-,-) such that for all (X1, X2, X3) in
the defined range,

H(x1,%3,%3) = C(G1(x1), G (xy), G3(x3)), (1

Three- dimensional Gumbel-Hougaard copula [25]
is defined as:

Cou,v,w) = exp |~((~log.[u])® +

(—loge[v])’ + (—log.[w))®)""’]
where 60e[1,) characterizes the association
between the two variables.
Similarly, the four-dimensional Gumbel- Hougaard
copula is defined as:

)

Co(u,v,wz) = exp [—((—loge [u? +
(—log,[vD)? + (~log.[w])’ + 3)
(~log[2°)],
Weibull marginal with reliability function
R(t)=exp[—(£)ﬁ],t>0;a>0;[>’>0 4)
is used in the paper.

4. Mission Reliability Evaluation

Let 3-PMS in Figure 1 and Figure 2 be denoted as PMS-
1 and PMS-2, respectively, and 5-PMS in Figure 3 be
denoted as PMS-3. In Section 4.1, reliability, Fpps_; (2,
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of PMS-1 is computed, in section 4.2, reliability,
Fpps—p(t), of PMS-2 is obtained, and finally, reliability,
Fppys—i(t), of PMS-3 is evaluated in section 4.3.

4.1 Reliability of PMS-1

Let Ty, T,, T5; and T, denote lifetimes of the components
with  reliabilities G, (t), G,(t),G5(t), and  G,(t)
respectively. Let F,;(t), F,,(t), F5,(t) be the reliability
of subsystems in Phase 1, phase 2, and Phase 3,
respectively. Then, the reliability of PMS-1 is:

F.(0),0<t<7
Fpys—1(t) = {F1(t), 7y St <71y, (%)
F (), 1, <t <14

) (6)
where,

T{ = max{T,, min{Ts, T,}}

Fy () = P[Ty > t], )
where

T, = max{min{T;, T,}, Ts},

F31(t) = P[T; > t], (®)
where,

T3 = min{Ty, Ts, T,},

Consider

Fy1(t) = P[min{T,, T{} > t],

where, T{ = max{T,, min{T;, T,}}
= P[T, > ¢, T] > t]
= P[T, > t] - P[T; > t,T] <t]
=P[T, > t] - P[T; > t,T, <
t,min{T;, T,} < t]
= P[T; > t]
—P[T; > t, T, <t]—
P[T, > t, T, < t,min{T;, T,} > t]
= P[T, > t] —{P[T, > t] — P[T, >
t,T, > ]} ©)
+{P[T, > t,min{T;,T,} >
t] — P[T, > t, T, > t,min{T5,T,} >
t]}
= P[T, > t, T, > t] + P[T, >
t,min{T;, T,} > t]
—P[T; > t, T, > t,min{T;, T,} > t]
_ =_C(G11(_t): 621(t), 1,1) +
C(Gn(t): 1,G34(b), G41(t)) -
C(G11(t), G21 (), G31(8), G (1))

Consider now

Fyy () = P[T; > t],

where T, = max{min{Ty, T,}, T5}.

= F(t)=1-P[T; <t]
=1—-Pmin{T,,T,} <t,T; < t]
=1—{P[T; < t] — P[min{T, T,} >
t,T; < t]}

(10)
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=1-{{1-P[T; > t]} - P[T, >
t,T, >t,Ts < t]}
=1-{{1 - P[T; > ¢t]} — {P[T, >
t,T, >t] —P[T, >, T, >t,Ty >
t1}}
=1-{{1-C(1,1,G,(®), D} -
{C(G12(®), G5(1),1,1) —
C(G12(8), Gra(8), G (6), DY},
Finally, consider

F3,(t) = P[T; > t], where,

T; = min{T, T5, T, }.

= F,(t)=P[T, >t,T,>tT, > t]

= C(G13(t)' 1, G33(t), Gy3 (t))-

(11)

(9), (10), and (11) give the reliability of the three
subsystems in PMS-1.

Thus, the reliability of 3-PMS-1 system with G;;(¢)
denoting reliability of j** component in i** subsystem,
j=1234;i=1,273,is:

Fi(t3) = P[F1; > 11]P[Fyy > 75 | Fiy >
T ]P[F31 > 15 | Fi1 > 14, F51 > 73]
= P[F1 > 11, Fy > 15, F31 > (12)
73]
= C(F11(T1)' Fy1(7y), F31(T3));

where

F11£71) = C(G_11(T1)’G_21(T1)' 1D+

C(G_ll(‘[l)' 1_, 631(1'1)_' Gyq (71)_) -

C(G11(T1)' G21(71), G31(71), Gay (T1)),

() =1- {{1 -C(11, 6_32(1'2 -1 +13), 1D} -
{C(G12(tz — 11 + 112), a2 (12 — 71 + 135), 1,1) —
C(G12(ty = 71 + l12), Goo (T — Ty + 132), G2 (T — 74 +
), DY,

F31(T§) = C(G_13(T3 -1+ 13), 1, 533(73 — T+
l33), Gas(t3 — T2 + l43))'

using cumulative exposure model [21].

Ly, is determined in such a way that

G12(li2) = G11(7y),

l, is determined in such a way that

G22(l32) = Gp1(74),

I3, s determined in such a way that

G32(l32) = G31(71),

l13 is determined in such a way that

Gi3(li3) = Gro(T — 71 + 112),

I35 is determined in such a way that

G33(l33) = G32(T, — 71 + 132),

lys is determ_ined in such a way that

Gaz(laz) = Gaq (T2 — 7).
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4.1.1 Computation of Reliability of PMS-1

The reliability of 3-PMS-1 is computed using a four-
dimensional Gumbel-Hougaard copula with Weibull
marginal;

C(Gyi(t1), Goi(ty), Ga(ts), Gai(t,)) =
exp [_ ((_109(511'@1)))9 + (—log(@zi(tz)))g +

(—log((73i(t3)))9 + (—l09(6_4i(t4)))9)1/9]‘
C(l, Gi(ty), G3;(t3), G_4i(t4)) =
B ((_log(ézl‘(tz)))e + (_log(é3i(t3)))9 +

(_109(541'@4)))6)1/6]'
C(1,1, G3;(t3), G_4i(t4)) =

1/6
- ((—log(ﬁ3i(t3)))9 + (—109(541'@4)))9) ]

C(1,1,1, G_4i(t4)) = G_4i(t4):
where,

Gi(®) = exp [— (—)ﬁ

1,234, i =123,
Bj; = 1 implies a constant failure rate, 8;; > 1 implies an
increasing failure rate, and g; < 1 implies decreasing
failure rate.

Further, a constant failure rate signifies an
exponential life distribution.

Similarly, copulas with different placements of 1s in
C(Gyi(ty), Goi(ty), Gsi(ts), Gai(t4)) can be obtained.

4.2 Reliability of PMS-2 system

Let T,, T, and T, denote lifetimes of the components with
reliabilities H,(t), H,(t) and H,(t) , respectively. Let
Fi,(t), By, (1), F3,(t) be the reliability of subsystems in
phase 1, phase 2, and phase 3, respectively. Then, the
reliability of PMS-2 is:

F,(t),0<t<Tt

exp

exp

,t>0;aﬁ>0;[3ﬁ>0,j=

Fops—n(t) = Fpp(t), 7, < t < 1, (13)
F3(t), 1, <t <14
Fi,(t) = P[T{ > t], (14)
where, T, = min{T,,T,, T5}, (15)
F,,(t) = P[T; > t],
Where TZI = max{Tl, Tz, T3}; (16)
F3,(t) = P[T4 > t], where
T3 = min{T,, max{T,, T5}},
Consider
Fi,(t) = P[T{ > t],
Where T1, = min{Tl, T2, TS}'
>F,)=P[T; >t,T,>tTy >t
12( ) [ 1 2 3 ] (17)

= C(Hy1 (8), Hyu (8), Hs1 (D))
Consider now
F,,(t) = P[T, > t], where
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T, = max{T,, T,, T5}.
= F,(t) =1-P[T, <t]

=1-P[T, <t,T, <tT; <t]
=1-{P[T, <t,T, <t]-P[T, <
t, T, <t Ty >t]}
=1-{{P[T, <¢t]-P[T, <t,T, >
t]} —{P[T, <t, T3 >t] —P[T, <
t,T, >t,Ts > t]}}
=1—{P[T, <t] —{P[T, > t] -
P[T, > t,T, > t]}}
+{{P[T5 > t] - P[T, > t,T; >
t]} —{P[T, > t,T; > t] — P[T, >
t,T, > t,Ts > t}}
=1-{[1-C(H,(®),1,D)] -
{C(1,Hy, (D), 1) —
C(Hyz(t), Hyz (1), DY} +
{{c( m ) -
C(ﬁn(t)' 1, Hsz(t))} -
{C(l' Hy, (1), H32(t)) -
C(Hu(t)’ﬁzz(t)' Hsz(f))}}-

Finally, consider
F3,(t) = P[T; > t], where
T = min{Ty, max{T,, T;}}.
= F3,(t) = P[T, > t,max{T,, T3} > t]
=P[T, >t]—P[ T, > t,max{T,, T3} < t]
=P[T,>t]-P[ T, >t,T, <tTy <t]
=P[T,>t]—{P[T, >t,T;<t]-P[ T, >
t,T, >t,T; < tl}
=P[T, >t]—{P[Ty >t]—P[T, >t T; >
t}+{P[T,>t,T,>t]—P[ T, >t,T, > (19)
t, Ty > t]}
= C(H3(1),1,1) — {C(Hy3(8), 1,1) —
C(H13 ®),1, H33(t))} +
{C(H13(t), Hy3(t),1) —
C(ﬁm(f). Hy3(t), Hss(f))}-
(17), (18), and (19) give the reliability of the three
subsystems in PMS-2.

Thus, the reliability of the 3-PMS-2 system with
H;;(t) denoting reliability of j** component in i‘"
subsystem i = 1,2,3; j = 1,2,3,is:

€2(T3) = P[_FIZ > T1]P_[F22 > 1, |
Fip > T1P[F33 > 75 | Fip >
Ty, Fop > 7o) B
= P[F;, > 14, Fpp >
f2'F32 >_T3] B
= C(Flz('ﬁ)’Fzz(Tz),F32(T3)),
where
FIZ(Tl) = C(Hn(fl)' 1721(71)' H31(T1)).
Fpp(t) =1- {[1 — C(Hyp (1, — 10 + 132), 1L,D)] -
{C(LH, (T, — 71 + 15), 1) — C(Hpp (1, — 14 +

(18)

(20)
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li2), Hyp (T2 — T4 + 15), D} — {{C(Ll. Hsp(t, — 7y +
l32)) - C(ﬁlz(fz -1+ 132), 1, 1732(72 - T+ l32))} -
{C(L Hyp (1, = 11 + 1), Hyp (1, — 14 + 135)) —
C(ﬁlz(fz =Ty + 1ip), Hyp (T, — Ty + Uyp), Hap (T, —
Tt 132))}},

Fsp(t3) = C(Hys(ts — 7 + 1y3), 1,1) — {C(Hy3(7s —
T, +143),1,1) — C(H13(T3 — T +1i3), 1, Hy3(15 —

Ty + 133))} + {C(H13(T3 =Ty + l3), Hys (13 — 7, +
13),1) = C(Hys(t3 — T3 + Ly3), Hps (v — 75 +
123)11733(73 -1+ 133))};

using cumulative exposure model.

l,, is determined in such a way that

H12(l12) = H11(T1),
l,, is determined in such a way that

H,,(13;) = Hyy (1),
15, is determined in such a way that

H32(132) = H31(T1);
1,5 is determined in such a way that

Hy3(li3) = Hip (1, — 71 + 1yp),
1,5 is determined in such a way that

Hy3(l3) = Hap(1, — 11 + 1),
155 is determined in such a way that

Hy3(l33) = Hap(t, — 74 + ).
4.2.1 Computation of Reliability of 3-PMS-2
The reliability of 3-PMS-2 is computed using a three-

dimensional Gumbel-Hougaard copula with Weibull
marginal:

C(Hyi(t), Hy(ty), Has(t3)) =
exp [— ((—log(ﬁu‘(h)))e + (—log(ﬁzi(tz)))g +

(_109(H3i(t3)))9>1/9],

C(l’HZi(tZ)' H3i(t3)) =exp [_ ((_log(ﬁzi(tz)))a +

(~log(Far(22))’ )

C(Hy;(t1), 1, Hy(t3),) = exp [_ ((_109(ﬁ1i(t1)))9 +
o 1/67

(~tog(F(t,)))")

C(Hy;(ty), Hy(t), 1) = exp [_ <(_l09(ﬁ1i(t1)))9 +

(~log(Fas(22))’ )
C(Hy(t:),1,1) = Hy(ty),
C(l, Hzi(tz): 1) = Hzi(tz),
C(l'l' ﬁ3i(t3)) = Hy;(t3),
where,

1/67

1/67
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Bji
,t>0,a]l >0'ﬁjl >0,]=

— t
() = exp [— (=)
1,2,3,i = 1,2,3.
Thus,

€ (A, Bu(e. () =

o (6 () -
({2

4.3 Reliability of 5-PMS-3 system
Let T,,T,,T; and T, denote lifetimes of the components
of subsystem "1’ with reliabilities R, (t), R, (t), R5(t) and
R, (), respectively, and T; and T, denote lifetimes of the
components of subsystem ‘2" with reliabilities R} (t)and
Eg(t)_, respectively. Let Fj;(t), Fp (1), Fps(0), Fpa (D),
and F,s(t) be the reliability of subsystems in Phase 1,
phase 2, phase 3, phase 4, and Phase 5, respectively.
Then, the reliability of PMS-3 is:
Fp@®,0<t<m
Fpo(®), 1, St <1
Foms—in(®) = Fpa(), 7, S t < 73, (21)
pa(), T3 <t <71,
ps(1), T4 St < Tg

PHASE-1
Let Fi1(t), F»1(t), F51(t), and F,, (t) be life distribution
of components ‘H,’, ‘H,’, ‘H.’, and ‘H,’, respectively in
subsystem ‘1’ further let V;,(t) and V,.(t) be life
distribution of components ‘L, and ‘L,’, respectively, in
subsystem ‘2’
Reliability of Subsystem-I,
Fop11(8) =plTy > ¢, T, > t, T3 > t, T, < t] +p[T; >
t,T, >t,T,>t,T; <tl+p[Ty >t T; >tT, >
t,T, <t]+plT, >t,T;>t,T,>tT <t]+p[T, >
t, T, >t,T; >t T, >t]

=p[T, >t, T, >t,T; >t]—p[T, >t T, >
t,T; >t, T, >t]+ p[Ty, >t, T, >¢t,T, >t] —p[T; >
t,T, >t,T, >t T >t +p[Ty >t T3 >t T, >t] —
plTy > t, T3> t, T, >t, T, >t] +p[T, >t,T; >
t, T, >t] —p[T, >t, T3 >t,T, >t, T, >t]+p[T, >
t,T, >t,T; >t,T, >t]
= C(Fn(t): Fy (8), F31(t)) +
C(Fi1(8), F1 (), Far (©)) + C(Fr1(8), 31 (), Far (1)) +
C(F21(t),ﬁ31(t): F41(t)) -
SC(Fn(t)rF21(t)'F31(t),F41(t))-
Reliability of Subsystem-II,
Foupa1(t) = 1 — p[min(Uy, U,) < t]

=1—-p[U; <t, U, <t]

=1—-{plU; =t] -plU; =t U, > t]}
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=1-{1-plU; > t] - {plU; > t] - p[U; >
t,U, > tl}}
=plU; > t] + p[U, > t] —p[U;, > t, U, > t]
= C(Vn(t), 1)+ C(l, V21(t)) -
C(Vn(t)' Vz1(t))-
Thus, the Reliability of phase-1,
Fpl () = Foup11(6). Foupa1 (£). (22)
PHASE-2
Let F;,(t) and F,,(t) be life distribution of components
‘H,’ and ‘H)’, respectively,

Fyp(t) = C(F12(8), 1) + C(1, F2 (1) —
C(F12(t)'F22(t))-
PHASE-3
Let Fy5(t), Fo3(t), F35(t) and F,5(t) be life distribution
of components ‘H,’, ‘H,’, ‘H,’ and ‘Hy’, respectively in
subsystem ‘1’. Further, let Vi;(t) and V,5(t) be life
distribution of components ‘4,’and ‘4,’,

Foup13(t) = C(Fm(t)'ﬁm(t); F33(t)) +

C(F13(t), Fy3(t), F43(t)) + C(Fm(t):ﬁsg(t)' F43(t)) +
C(Fzs(t)' F33(t), F43(t)) -

3C(F13(t), Fy3(t), F33(2), F43(t))-

Reliability of Subsystem-11,

Foupaz(®) = C(V33(0), 1) + C(l: V23(t)) -

C(V13(t), st(t))-

Thus, the Reliability of phase-3,

Fp3 ® = Fsub13 (®). FsubZS(t)- (24)
PHASE-4
Let F;,(t) and F,,(t) be life distribution of components
‘H,’ and ‘H,’, respectively,

Fpa(t) = C(F14(6), 1) + C(1, F4(®) —

C(Fm(t)'ﬁu(t))-

PHASE-5

Let F,5(t), Fy5(t), F35(t), and F,5(t) be life distribution
of components ‘H,’, ‘H,’, ‘H.’, and ‘H,’, respectively in
subsystem ‘1’ further let V,5(t) and V,5(t) be life
distribution of components ‘C,’ and ‘C,’,

Foup1s(t) = C(Es(t)'ﬁzs(t),ﬁm(t)) +

C(Fis(t), Fas (1), Fas(8)) + C(Fy5(8), Fs5(8), Fys (1)) +
C(Fzs(t), F35(t), F45(t)) -

3C(F15(t), Fy5(t), F35(), F45(t))-

Reliability of Subsystem-II,

Foupas(®) = C(V35(2), 1) + C(L st(t)) -

C(V15(t)' st(t))-

Thus, the Reliability of phase-5,

FpS(t) = Foup1s (£). Fsupzs (0. (26)
(22), (23), (24), (25), and (26) give reliability of the five
phases in PMS-3.

Thus, the reliability of the 5-PMS-3 system with L,
denoting its lifetime and Rj;(t) and Rj;(t) denoting

(23)

(25)
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reliability of j** component in i* phases of '1’ and 2’
subsystems, respectively, i = 1,2,3,4,5; j = 1,2,3,4is:
F3(ts) = P[Fpl > Tl]P[sz > 7, | Fpy >
71|P[Fps > 73 | Fpy > T4, Fpp > 15| P[Fpy > 74 |
Fpy > 14, Fpy > T3, Fyz > 13|P[Fps > 75 | Fpy >
Tl,sz > Tz,Fp3 > T3,Fp4 > 14]
= P[Fpy > 11, Fpy > 12, Fp3 > T3, Fpy > T4, Fps >
Ts]
= C(Fpl(rl)'FpZ(TZ)le3(T3)'Fp4(T4)'Fp5(T5))l
where,
Fsubll(rl) = C(Fn('[l)’F21(T1)’F31(T1)) +
C(Fi1(11), Fp1 (10, F41(T1)) +
C(Fll(rl)' F31 (1), F41(T1)) +
C(F21(T1)' F31 (1), F41(T1)) -
3C(F11(T1)' Fyi (1), F31(T1)'F41(T1)):
Foupz1(t1) = C(Vy1(14), 1) + C(LV21(T1)) -
C(G11(T1)' 6721(1'1));
Fpl(Tl) = Fsubll(fl)- FsubZl(Tl);
Fpo(t) = C(Fp(t, — 14 + kyp), 1) + C(lnﬁzz(Tz -
T+ kzz)) - C(FIZ(TZ — 7 + kyp), Fzz(Tz — T+
k32)),
Foupr3(t3) = C(Fi3(t3 — 75 + ky3), Fos (13 — 75 +
k23), F33(t3 — 71 + k33)) + C(Fia(t3 — 75 +
k13), Fy3(t3 — Ty + kp3), Fya (13 — 14 + kg3)) +
C(F13(T3 — Ty + ky3), F33(13 — Ty + k33), Faz (15 —
Ty + ky3)) + C(Fo3(t3 — 75 + kp3), Faz (13 — 71 +
kss),ﬁzts(fs -7t k43)) - 3C(F13(73 — T+
ki3), Fa3 (T3 — Tp + kp3), F33(t3 — 71 + ks3), Fas (15 —
T, + k43)),
Foupaz(t3) = C(Vh3(13), 1) + C(1, Vp3(x3)) —
C(Vm(fs), ‘723(73)).
Fp3(T3) = (Fsub13(f3)-Fsub23(T3)):
Fp4—(T4) = C(F14(T4 — T3+ ki), 1)+ C(L F24(T4 -
T3+ k24)) - C(F14(T4 — T3 + Kq4), Fou(ty — T3 +
k24)).
Foupis(ts) = C(Es(fs — Ty + ky5), Fos (75 — 74 +
kzs), F35(ts — T3 + k3s)) + C(Fys(ts — 74 +
kis), Fys5(ts — Ty + kys), Fas(ts — T3 + kus)) +
C(Es(fs — T4 + kys), F35(T5 — T3 + k35), Fas (15 —
T3+ k45)) + C(Fzs(fs — 74 + kys), Fas (15 — 73 +
kss), Fys(ts — 75 + k45)) - 3C(F15(T5 — T4+
kis), Fas5(ts — T4 + kyg), F35(Ts — T3 + k3s), Fas(T5 —
T3+ k45)),
Foupzs(ts) = C(Vy5(15), 1) + C(l: ‘725(1'5)) -
C(Vls(Ts)' ‘725(’[5))
FpS(TS) = (Fsums(fs)-ﬁsubzs(‘fs)).

using cumulative exposure model.

(27

k;j; is determined in such a way,
R11(71) = Ryp(k12)
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R31(T1) = Ryz(k22)

Ri3(k13) = Rip(1 — 71 + ky2)
Ray3(ka3) = Rap(T2 — 71 + k32)
R31(71) = R33(ks33)

R41(71) = Ryz(kys3)

Ri4(k14) = Ry3(t3 — 72 + ky3)
Rya(kaa) = Rp3(T3 — T + Ka3)
Ris(k1s) = Rya(Ts — 75 + ky4)
Rys5(kaa) = Rpa(Ts — T3 + Ka4)
R3s5(kss) = R33(T3 — 71 + k33)
Rys(kas) = Ryz(T3 — T1 + kus3).

4.3.1 Computation of Reliability of 5-PMS-3

The reliability of 5-PMS-3 is computed using a four-
dimensional Gumbel-Hougaard copula with Exponential
marginal:

For Subsystem-I,
C(Ryi(t1), Ryi(ty), Ryi(ts), Ryi(ty)) =

~((~tog(Ru@))” + (~log(Ras(t))) +

0 on1/0
(—log(ﬁgi(tg))) + (—log(§4i(t4))) ) ],
C(l,ﬁzl-(tz), E3i(t3)'ﬁ4i(t4)) =

exp [— ((—log(ﬁzl-(tz)))e + (—log(ﬁsi(ts)))g +

(—log(§4i(t4)))9)1w],
C(l,l, §3i(t3),§4i(t4)) = /6
exp [— ((—109(§3i(t3)))9 + (—log(ﬁzyi(tz})))e) ],

C(Ll»l, §4i(t4)) = §4i(t4)'

where,

Ri(®) = exp[—(taji)] .t > 0, < 0;j =1,2,3,4, i =
1,2,3,4,5.

exp

For Subsystem-11
C(R1i(tr), Ryi(t2)) = exp [— ((—log(ﬁii(tl)))e +

(—log(ﬁgi(tz)))e)w],

C(Rii(ﬁ); = Rii(tﬂ;

C(l:ﬁéi(tz)) = Réi(tz),

where,  Rj;(t) = exp[(tA;;)].t > 0;2;; < 0;j = 1,23,
i=1234,5.

5. Reliability Importance Analysis

Reliability importance analysis is used to identify a
system's weakness and quantify the impact of component
failures. These importance measures provide a numerical
rank to determine which components are more important
to system reliability improvement or more critical to
system failure. This helps to allocate resources for
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inspection, maintenance, and repairs in an optimal
manner over the lifetime of a system [9], [26],[27].

In this paper, the theory of Birnbaum importance
measure is used to perform a reliability importance
analysis of PMSs with respect to each component in each
phase.

Birnbaum’s measure is the partial derivative of the
system's reliability with respect to the reliability of an
individual component. Let the reliability importance
index of PMS-1 and PMS-2 with respect to component j,
je{1,2,..,m}inphasei, i € {1,2,..., M}, be denoted by
I€jphasei_pms1 AN Ijppasei_pusz» Tespectively, and that
of PMS-3 with respect to component j, j € {1,2, ..., m} in
subsystem k, k = 1,2 of phase i, i € {1,2,...,M}, be
denoted by I¢, jPhasei_PMS3

For PMS-1, as defined in section 4.1,
Fi1(t), Fy1(t), F31(t) are the reliability of subsystems in
phase 1, phase 2, and phase 3, respectively. Then, the
reliability of PMS-1 is:

F,),0<st<s1
Fpys—i(t) = {Fpq(t), 71 S t < 7.
F31(0),7, <t <14

Also, Gj;(t) denotes reliability of j“* component in
it Phase, j = 1,2,3,4; i = 1,2,3.

Since we are using the cumulative exposure model,
the reliabilities of j* components for phase i is
G_]L(t —Ti1 + lji)v Ti—q <t< T; ,i = 2,3

The reliability importance index of PMS-1 is defined
as follows:

IgjphaSEistl =
{ Zgig' T <t<t,i=1 o
kac;_jl(at+ll(—ti+ljl)’ T <t<Tt,i= 2’3'

For PMS-2, as defined in section 4.2,

Fi,(t), Fy, (1), F5,(t) are the reliability of subsystems in
phase 1, phase 2, and phase 3, respectively. Then, the
reliability of PMS-2 is:

aFji(t)

Inghasei_PMSS = aF (D)

ORji(t-Ti—1+1i)’
dF ji(t)

aﬁ;i(t—ri_zﬂﬁ) !

Reliability importance for each component of PMS-1:
For Phase 1:

_ 0 (®)

1E; =1, <t<T
CjPhasel_PMS1 an1(t)’ 0 1

where
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F,(0),0<t<T1
Fpus—1(t) = { Fp2(t), 7y <t < 15
F3(t), 1, <t <73

Also, H;;(t) denotes reliability of j** component in
it" Phase, j = 1,2,3; i = 1,2,3.

Since we are using the cumulative exposure model,
the reliabilities of j* components for phase i is
Iqji(t —Ti—1 + lji)l Ti—1 <t< Tl',l' = 2,3

The reliability importance index of PMS-2 is defined
as follows:

Inghasei_PMSZ =
aﬁji(t) .
{ i, 1= t<mi=1 (29)
OFi(t) .oy
tm, T <t<T1,i=23

For PMS-3, as defined in section 4.3, Let
Fp1(0), Fpo (1), Fp3(t), Fpa(t), and  F,s(t) be the
reliability of subsystems in Phase 1, Phase 2, Phase 3,
Phase 4, and Phase 5, respectively. Then, the reliability of
PMS-3 is:

[Fpl(t),o <t<t
Fp(), 1 <t<T,
Fpus—i () =3 Fp3(t), 7, < t < 7.
[Fpa®), 13 <t <7,
kaS(t), T, <t<Ts

Also, R;;(t) denoting reliability of j** component of
subsystem ‘1 in i*" Phase, j = 1,2,3,4; i = 1,2,3,4,5
and Rj;(t) denoting reliability of j** component of
subsystem '2 in it" Phase, j = 1,2; i = 1,3,5.

Since we are using the cumulative exposure model,
the reliabilities of j** components of subsystem '1’ for
phase i is:

Eji(t —Ti—1 + lji)rTi—l <t< Ti,i = 2,3,4,5,j = 1,2
R]Il(t —Ti_2 + lji)' Ti—1 <t< Ti,i . 3,5,j = 3,4

The reliability importance index of PMS-3 is defined

as follows:

i <t<t,i=1j=1234

(30)

Ti—1 <t< Ti,i = 2,3,4,5,j = 1,2

Ti—1 <t< Ti,i = 3,5,j = 3,4

— t ﬁj .
Gj1(t) = exp [_(a_l) ],t >0,a;>0;8>0,j=
1,2,3,4
for Phase 2:

0F1(t) .
Igjphasez,PMm =", j=123,1,<t<T,

adjz(t—‘tl-l-ljz)
for Phase 3:
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dF31(t)
an3(t—‘L'2+lj3)
Reliability importance for each component of PMS-2:

For Phase 1:

B — P
Icjphases_pms1 = J=1341, st=<71;.

dF;,(t)
Inghasel_PMSZ = #Zl(t)' ToSt<T1,
where
— t ﬁj .
Hj; (t) = exp[—(a—l) ],t >0;a;>0;8>0,j =
1,2,3,
for Phase 2:
dF,,(t) .
IEiphasez_pusz = m'l =1231, St <1,
for Phase 3:

dF3,(1)
61‘_11'3 (t—‘[2+lj3) !
Reliability importance for each component of PMS-3:

B _ . _
ICiphases pms2 = j=123, 1, <t<715.

For components H,, H,,, H., and H, of Phase 1:

dF,1 (1)
B — %%p1 —
ICl]PhaSel_PMS3 - aﬁjl(t)’ - 1;2,3,4, TO S t S Tll

for components ‘L,’ and ‘L,’ of phase 1:
dFy, ()

152]'Phasel_PMS3 = #i(f)'] =12, pst=my,
for components H, and H,, of phase 2:

dFpa(t) o
m,] = 1,2,‘[1 <t< Ty,
for components H, and H,, of phase 3:

dFp3(t) .
e <t<
ORj(t—ta+ky5) ") Lo stst,
for components H, and H, of phase 3:

an3(t) ,
—_ :3,4,T StST,
0Rj3(t—‘[1+kj3) J 2 3
for components ‘A,’ and ‘A, of phase 3:

OFy3(t)

B _ OFps _

Ic2jphases_pms3 = 0§(3(t)'1 =12 1, <t<T3
j

IB —
CljPhase2_PMS3 —
IB —
Cl1jPhase3_PMS3 —

IB —
CljPhase3_PMS3 —

for components H, and H,, of phase 4:

dFpa(®) L
m,] = 1,2,‘[3 <t< Ty
for components H, and H,, of phase 5:

aF_pS(f) .
— =127, <t <75
aR]'S(t—‘L'4+kj5) ] 4 5
for components H, and H, of phase 5:

aF_pS(f) .
— =341, <t<Ts
aR]'S(t—T3+kj5) ] 4 5
for Components ‘C,’ and ‘C,,’” of phase 5:

OFps(t)

B — 9Fps -

Ic2jphases_pms3 = aE’-S(t)’] =12, 1, St<Ts
j

IB —
Cl1jPhase4_PMS3 —
IB —
Cl1jPhase5_PMS3 —

IB —
Cl1jPhase5_PMS3 —

6. Numerical Illustrations
The method developed has been illustrated using different
parametric sets. The reliability values of PMS-1, PMS-2,
and PMS-3 are depicted in Tables 1 & 2,3 & 4,and 5 &
6, respectively. See for reference [9]. We are taking the
same scale and shape parameters for each component
across the phases.
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Table 1. Data Set for PMS-1

5. No. T Parametric Set Reliability
a; = Scale f; = Shape parameter, d of PMS 1
=1,23.4,7=123
L =0 @, =108, =14 117 0.511102
2. 1u=1000 | @, =10% B.=17 2 0.937666
3. =000 | @ =10¢ =15 25 0.943312
T4 | t=3000 B.=16 3 0.946628
5. 4 0.950213
Table 2. Reliability of PMS-1
6 |Fil(ty)| F1i(t) | F21(x,) | F21(t,) | F31(t,) | F31(t,) | Reliability
of PMS 1
117 1 0.999937| 0.999991 | 0.999707| 0.997306 | 0911202 | 0.911102
2 1 0.000037 | 0.999076 | 0.000173 | 0.997855 | 0.937671 | 0.937666
25 1 0.999937 | 0.999973 | 0.999058 | 0.997976 | 0.943312| 0.943312
3 1 0.999937 | 0.999971 | 0.008980 | 0.008047 | 0.946628 | 0.946628
4 1 0.999937 | 0.999069 | 0.008917 | 0.99812 | 0.950215 | 0.950215
Reliability
1.00
0.98
— Phase 1
0.96+
— Phase 2
08¢ — Phase 3
092t
EUIO 10b0 15I00 2060 25I00 GOIOUTime

Figure 4. Reliability Plot of the PMS-1 for data set of Table 2
for6 = 1.17.

The result of analyzing the reliability of PMS-1 is
shown in Tables 1 and 2 and Figure 4.

Table 3. Data Set for PMS-2

5. T Parametric §et [ Relidoiity of
g = Scale, f, = Shape paramete, =123, PMS 2

L e T | 09531
i @ =10 hi=14 2 0953709

T wm, o= 105, g.=17 K 195823
TR =m0 o= 10° B,=15 3 09054313
5 7 1957708

Table 4. Reliability of PMS-2

8 |Fi2(x,)| F12(r,)| F22(r,) | F22(x,) | F32(x,) | F 32(1,) | Reliability

of PMS 2

117 1 0.999909| 0.999995| 0.999886| 0.998171| 0.95338 | 0.953321
2 1 (.999020 | (.999993 | 0.999632 | 0.998181 | 0.933801 | 0.953799
25 1 0.999933| 0.999992| 0.999583 | 0.998187| 0.95423 | 0.95423
3 1 0.999934 | (999992 | 0.999550 | 0.995189 | 0.954513| 0.954513
4 1 (.999036 | (0.999992 | 0.99954 | 0.99819 | 0.934798 | 0.934798
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Reliability
1.00¢
0.99+
— Phase 1
0.98F
— Phase 2
b — Phase 3
0.96
L 1 \|\|||||||'|'ime
500 1000 1500 2000 2500 3000

Figure 5. Reliability Plot of the PMS-2 for data Set of table 4
foro = 1.17.

The results of analyzing the reliability of PMS-2 are
shown in Tables 3 & 4 and Figure 5.

Table 5. Data Set for PMS-3

Time t (in days) Parametric Set g Reliability of PMS
8. No. a; = Failure rate of components of 2
subsystem 1,

A= Failure rate of components of

subsystem 2, i=1,2,3,4.5

1 u=0, 117 [ 0884973

> =2, o =107 @, =107 ay = 1075 = 830861
=T, g, =107 0y = 1074 1, = 1075,

3 . ! : : 25 | 08370071
T=T6D, A= 105, 1 =10°¢

1 =188, R Y5555

5 el T [oEe

Table 6. Reliability of PMS-3

8 | Fpulrg)| Fou(r)| Foalry)| Falma)| Falr) | Foalmy)| Balrs) | Fparg)| Fpsln,)| Fpslrs) | Reliability
of PMS3
1171 09999 (09999 | 0.9828 | 0.9823 | 0.0823 [ 00828 | 0.0464 | 09435 | 0.9455 | 0.884973
(] 6 1 6 36 63 28 41 17
211 09999 (09999 | 09572 | 0.9368 | 0.0368 [ 00372 | 08022 | 02912 | 0.8911 | 0.840661
07 97 g8 73 41 71 23 28 97
151 09999 (09999 | 0.9510 | 0.9305 | 0.9305 [ 09510 | 0.8785 | 08774 | 0.8774 | 0.837007
97 97 3l 57 1 12 9 73 38
il 09999 (0.9999 | 0.9470 | 0.9465 | 0.9463 | 09470 | 0.8699 | 0.8686 | 0.2686 | 0.833322
97 97 72 39 19 31 03 9] 33
41 09999 (09999 | 0.9423 | 0.9417 | 0.0417 [ 00423 | 08594 | 08581 | 0.2581 | 0.833309
% 96 il 92 48 9 39 48 08

Reliability
1.004

— Phase 1
0.99F
098 — Phase 2
0.97F — Phase 3
0.96F Phase 4
0.95F Phase 5

L . . Time
500 1000 1500

Figure 6. Reliability Plot of the PMS-3 for data set of Table 6
foro =1.17.
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The result of analyzing the reliability of PMS-3 is
shown in Tables 5 & 6 and Figure 6.

Independent Case:

Figures 7(a)-7(c) depict the component-wise reliability
importance plot of each phase in PMS-1.

Table 7. Reliability of PMS-1 for independent case

§ | Fil(y)| Fii(r) | F21(r) | F21(v,) | F31(t,) | F31(t,) | Reliability
of PMS 1
1 1 0.999937 1 0.999997 | 0.997024| 0.89711 | 0.897051

Table 8. Reliability of PMS-2 for independent case

6 | F12(r,)| F12(r)| F22(r) | F22(r,) | F32(r,) | F32(r,) | Reliability
of PMS 2

1 1 0.999897 | 0.999937 | 0.998191 | 0.998191 | 0.954972 | 0.953146

Table 9. Reliability of PMS-3 for independent case

9 Fpl(tﬂ) Fm(ﬁ) pr (H) Fp:(fz) Fp!(rf) Fpa(fa) FpG(IS) F_;J4(Id) FpS(IA) F_;JS(IS) Relizbility
of PMS3

11 0.9999 (1 0.9828 | 0.9827 | 0.9823 | 0.9828 | 0.9464 | 0.9438 | 0.9435 | 0.884973
%9 ! 2 36 63 28 96 17

Reliability Importance

s+ 5+
osl — C1
06l — C2
04f —C3
0.2f C4
ettt 2 Time
200 400 600 800 1000

Figure 7(a). Reliability importance plot of the PMS-1 for each
component of phase 1.
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Figure 7(b). Reliability importance plot of the PMS-1 for each
component of phase 2.
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Reliability_Importance
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Figure 7(c). Reliability importance plot of the PMS-1 for each
component of phase 3.
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Figure 7(d). Reliability importance of each component phase-
wise in PMS-1.

Figure 7(d) shows the reliability importance of each
component phase-wise in PMS-1, and it can be seen that
‘C," has the most significant influence on the reliability
of the PMS-1 in phase 1 and phase 3, and ‘C5" has the
most significant impact on the reliability in phase 2.

Reliability_lmportance

105y o .~ o s .
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0.2F
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200 400 600 800 1000

Figure 8(a). Reliability importance plot of the PMS-2 for each
component of phase 1.
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Figure 8(b). Reliability importance plot of the PMS-2 for each
component of phase 2.
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Figure 8(c). Reliability importance plot of the PMS-2 for each
component of phase 3.
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Figure 8(d). Reliability importance of each component phase-
wise in PMS-2.

Figures 8(a)-8(c) depict the component-wise
reliability importance plot of each phase in PMS-2.
Figure 8(d) shows the reliability importance of each
component phase-wise in PMS-2, and it can be seen that
‘A’ has the most significant influence on the reliability of
the PMS-2 in phase 1 and phase 3, and ‘B’ has the most
significant impact on the reliability in phase 2.

Reliability_Importance
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0.104697 -
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Figure 9 (a). Reliability importance plot of the PMS-3 for
component H,, Hy,, H., H; of subsystem 1 of phase 1.
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Figure 9 (b). Reliability importance plot of the PMS-3 for
component ‘L,” & ‘L, of subsystem 2 of phase 1.
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Figure 10. Reliability importance plot of the PMS-3 for
component ‘H," & ‘H,’ of subsystem 1 of phase 2.
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Figure 11(a). Reliability importance plot of the PMS-3 for
component ‘H,” & ‘H,,” of subsystem 1 of phase 3.
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Figure 11(b): Reliability importance plot of the PMS-3 for
component ‘H,” & ‘H;’ of subsystem 1 of phase 3.
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Figure 11(c). Reliability importance plot of the PMS-3 for
component ‘A,’ & ‘A" of subsystem 2 of phase 3.

P. W. Srivastaval, S Rani

Importance Reliability
0.22+

0.20+
— HaHp
0.18

0.16¢

Time

800 1000 1200 1400 1600 1800

Figure 12: Reliability importance plot of the PMS-3 for
component ‘H,” & ‘H,’ of subsystem 1 of phase 4.
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Figure 13 (a). Reliability importance plot of the PMS-3 for
component ‘H,’ & ‘H,," of subsystem 1 of phase 5.
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Figure 13 (b). Reliability importance plot of the PMS-3 for
component ‘H,' & ‘H;’ of subsystem 1 of phase 5.
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Figure 13 (c). Reliability importance plot of the PMS-3 for
component ‘C,’ and ‘C," of subsystem 2 of phase 5.
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Figure 14. Reliability importance plot of each component
phase-wise in PMS-3.

Figures 9(a)-13(c) depict each phase's component-
wise reliability importance plot in PMS-3. Figure 14
shows the reliability importance of each component
phase-wise in PMS-3, and it can be seen that ‘H,” and ‘H),’
have the most significant influence on the reliability of
the PMS-3.

7. Conclusion

In this paper copula-based approach has been used to
obtain the reliability of phased-mission systems. Two 3-
PMSs with and without inactive components and 5-PMS
representing space application have been used with
dependency between components modeled using the
Gumbel-Hougaard copula and cumulative exposure
model. Reliability importance analyses of the three PMSs
based on the Birnbaum importance measure have been
conducted to quantify the influence of the reliability of
each component on the reliability of the PMSs. The
method developed has been described using numerical
examples. The expected results regarding the reliability
and importance of components have been obtained for the
hypothetical data set used. For instance, in space
application PMS, H, & H, are found to be most
important, implying that failure of both of them will result
in failure of the PMS. In engineering practice, it would be
advisable to prioritize these components in different
phases to ensure the successful completion of the PMS’s
mission. The information about the reliability and
importance of the components of the PMS can assist in
formulating different maintenance strategies in different
phases, thereby reducing the risk of failure. The proposed
methodology can also be generalized to PMSs with more
than five phases.
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