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Abstract

In order to produce more flexible models in the reliability theory field, the Bayesian inference of m-component reliability model with
the non-identical-component strengths for modified Weibull distribution under the progressive censoring scheme is considered. One
of the key benefits is the generality of this model, so it includes some cases studied previously, such as multi-component stress-strength
model with one and two non-identical-component and stress-strength models. In addition, the study of progressive censored data
discussed in this paper is critical in many practical situations. The problem is considered in three cases: when the two common
parameters for strengths and stress variables are unknown, known, and general. In each case, the approximation methods, such as the
MCMC and Lindley’s approximation, are used to consider the m-component stress-strength parameter. The Monte Carlo simulation
study compares the performance of different methods—finally, a demonstration of how the proposed model may be utilized to analyse
real data sets.
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MCMC  Markov Chain Monte Carlo . . L
MLE Maximum likelihood estimation This paper studies the Bayesian inference of an MCSS
Ry m-component reliability parameter parameter with non-identical-component strengths for the
MCSS  m-component stress-strength MWD under a progressive censoring scheme. This model
MSE Mean squared error is so general because some cases can be derived from
MWD Modified Weibull distribution there. The m-component reliability parameter can be
Ry Multi-component reliability parameter converted to a multi-component with one and two non-
n Number of observed samples identical-component cases or the stress-strength
k Number of strength variable components . . . :
Number of strength variable components parameter in special cases. Besides, the progressive
s exceeding stress variable censoring scheme can be converted to a type-I1 censoring
N Total number of sample scheme and complete data case. Also, the MWD can be
B Modified Weibull parameter converted to Weibull distribution, type-l extreme value
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o Probability density function (PDF) distribution. Accordingly, about 24 cases are studied

automatically. Several basic research studies have been
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carried out in this field. Regarding the stress-strength
model, the progressive censoring in exponential
distribution is discussed in [1]. The model was also
analyzed in several other studies, including [2] (Weibull
distribution), [3] (power Lindley distribution), and [4]
(MWD). Regarding the multi-component reliability
model with one strength variable, the Kumaraswamy
distribution in progressive censoring data is considered in
[5]. The model was also analyzed in several other studies,
including [6] (unit Gompertz distribution), [7] (a general
class of inverted exponentiated distribution), [8] (Topp-
Leone distribution), [9] (Log-normal distribution), [10]
(unit Burr 111 distribution), and [11] (power Lindley
distribution). Each of the papers above has unique
properties and compensates for the objections and
problems in previous research. The m-component
reliability model and progressive censoring data are
considered in [12] in the modified Weibull extension
distribution. The modified Weibull extension distribution
can be converted to Chen and Weibull distributions, and
the MWD can be converted to Weibull, type-l extreme
value, Rayleigh, and exponential distributions. Thus, we
can manoeuvre on the purpose and motivation of the
present work.

The two most common censoring schemes are Type-
I and Type-Il censoring schemes, which can be mixed to
form a hybrid censoring scheme. The progressive
censoring scheme was introduced since none of the above
schemes allowed the removal of active units during the
experiment. The scheme is discussed in detail using an
excellent monograph [13]. A nonparametric estimation of
the family of risk measures based on the progressive
censoring scheme has recently been considered in [14].
Also, the statistical inference in the Burr type XII lifetime
model based on progressive randomly censored data is
studied in [15]. The progressive censoring scheme can be
described as follows: Consider an experiment in which N
units are placed on a life test. During the test, R, units are
randomly removed from the test at the time of the first
failure, R, units are randomly removed from the test at
the time of the second failure, and so on. R, units are
randomly removed from the test at the time of the n-th
failure. In this scheme, the progressive sample is
{X1n  Xnnen 3, @nd the progressive censoring scheme
is{Ry,-*,R,}, such that R; + .-+ R,, + n = N. In what
follows, the progressive censored sample is expressed as
{X,,,X,}. The joint PDF of failure times X; < --- < X,
with a continuous PDF f(-) and CDF F () is given by:

fQen, ey x) o [Ty f (e (X = F G, @)

Fig. 1 illustrates a schematic representation of the
progressive censoring scheme.
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Figure 1. Schematic representation of progressive scheme

Xn

The statistical inference of the reliability parameter
R = P(X >Y) has attracted the attention of researchers
in reliability theory. Here, variables X and Y denote
strength and stress, respectively. The m-component
reliability model with k = (kq, k,, ..., k,;) components
have recently been developed in [16] as:

Rs,k =
St Zheen (M (31)) [ (A= @)
Fy )Pi(F; )P dFy (),
where k; components are of i, i = 1, ..., m type, and
F;(-) is the CDF of the strengths of the i-th type
components. Under this condition, it is assumed that all
components are exposed to a common stress Y with F, (+)
CDF. Therefore, the system is reliable only if at least s =
(51, ---,Sm) OF k strength components exceed the stress.
This model has recently been considered for the modified
Weibull extension distribution in progressive censored
data in [12], which has also been discussed in this paper
for the MWD. The model is regarded as general because
some cases can be derived from there:
o k= (ky,k;0,---,0) = Rs;, with two non-
identical-component cases
e k=(k0,--,0) > R, case
e k=(10,..,00=R=P(X <Y)case
A new modification of the Weibull distribution is
proposed in [17] by multiplying the Weibull distribution.
Some of its properties are studied using MLE and WPP
in [17]. The PDF, CDF, and HRF of the MWD are as
follows:

fGO) = By + Ax)xY"teMe Fe™ x50 (3)
F(x) = 1—e'ﬁxyellx,x >0, 4
h(x) = By + x)x¥re™,x > 0, (5)

where >0, y,A =0, and at most one of y, 1 is
equal to zero.
e  The Weibull distribution is a special case for
A=0.
e The type-l extreme value distribution is a
special case for y = 0.
e  The Rayleigh distribution is a special case for
A=0andy = 2.
e  The exponential distribution is a particular
caseforA=0andy = 1.
The PDF of the MWD can be decreasing, unimodal,
or decreasing, then unimodal-shaped. The HRF, on the
other hand, can be increasing or bathtub-shaped. The
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MWD can analyze many real-world datasets thanks to its
flexibility. For example, the reliability of a reverse
osmosis system in water treatment using the MWD has
recently been evaluated in [18]. Fig. 2 displays some
possible shapes of the PDF and the HRF for the MWD.
This paper obtained the Bayesian inference of Ry, based
on the progressive censored sample, where X and Y are
two independent random variables from the MWD.

5

(b)

Figure 2. The shape of hazard rate (a) and probability density

(b) functions of MWD. (blue: @ = 2,y = 1.5,1 = 0.2, green:

a =025y =05A1=2,violett a =0.1,y =3, =2, red: a =
1,y =051=1)

The remainder of this paper is structured as follows:
In Section 2, the Bayesian inference of R is obtained
for the unknown common y and A parameters using the
MCMC method, and the HPD credible intervals are
constructed for R . In Section 3, the Bayesian inference
of Ry is obtained for the known common y and A
parameters using the MCMC and Lindley’s
approximation methods, and the HPD credible intervals
are constructed for Rgy. In Section 4, the Bayesian
inference of Ry, is obtained for the general case. Section
5 provides simulation and data analysis. Finally, Section
6 presents the conclusions.
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2. Inference on R, with Unknown
Common y and A Parameters

If X, ~MWD(B,,y,2), ..., Xy ~ MWD(B,,,v,1), and
Y ~ MWD(B,y,4) are independent random variables,
then the MCSS parameter Ry, can be obtained from Eqgs.
(3) and (4) as:

k
Ry = Zgizsl ---ka— ( !

P1
yy_l W —y¥ VR Bipi+B) %

Pm=Sm

Ko\ oo
) (Pm) Jo BO+2y) x
(1= e ) gy
By puttlng t=ye™, we have

W) (4)..(¢ )Ofﬁtmmw

pl =51  Pm=Sm

X 1_[(1 —th) TP gy

km ki-p1  Km—Pm

P ZZ Z()-()

P1 —51 Pm—Sm 111—0

1
f £ 2121 Bilprva+B-1 g

km ki-pP1  Km—Pm

LSS ()

P1=$51 Pm=Sm q1=0 qm=0
<k1 p1> (k pm) (-DEEag
¢ /N qm VIR B ta)+ B
The likelihood function can be constructed based on
the following samples of the stress and strength variables:

(O] (O]
Y X1 o X
Y=[:|X= : : ,JA=1,..,m,

O} O}
Y X1 Xnkl

where {Y;, ..., ¥;,} is a progressively censored sample
from MWD(B,y,4) with the {n,S,,...,S,} censoring
scheme.  Besides, {Xl(ll),.. X”)} i=1,.
1,..,m are [ progressive censored samples from
MWD(B,,y,A) with schemes {kl,Ril),...,R,(fl)}. The
likelihood function of the parameters can be obtained as
follows:

LBy, s Ay B, y,/1|data) [
(I (5) % (1 - -

R (xOD DFOOA - FO)s.

This section studies the Bayesian inference of Ry
under squared error loss functions where B, ..., B, B, 7,
and A are independent random variables. Based on the
observed censoring samples, the joint posterior density
function is expressed as follows:

Ln l=
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(By, ) B, B, ¥, A|data) X

L(data|By, ..., A, B, Vv, A) XX (8)
(L2 BB (y)m(A),
where

m(B) o« B e P, ay, by > 0, ©
l=1,..,m

ﬂ(ﬁ) x ‘Bam+1—1e—bm+1[)” Am+1, bm+1 >0, (10)
m(y) o ymiiTteTdmaY, ¢ g dpyy >0, (11)
T[(A) x Aem+1_le_fm+1/1’ em+1s fm+1 > 0. (12)

From Eqg. (8), since the Bayes estimate cannot be
obtained in the closed form, it should be approximated
using the MCMC method. Thus, the posterior PDFs of
Bi, -, Bms B,v, and A can be derived from Eqg. (8) as
follows:

Bily, A, data ~ I'(nk; + a;, b; +

(O]
‘I'.:l=1 Z;‘i R(l) + 1) (x(l)) eAxU) [ = (13)
1,...,m,
Bly, A data ~ I'(n + aypq, bypyq + X721 (S; +
1)yl e,
7(y|By, - B, B, A, data)
k
=1 [I21 IT; 11((x(l)) (v + Ax(l))) X
(] v + Ay)) x yemerml x (15)
n Y Ax(..)
2L S A0 ) 0)
e -BIi 1(51+1)yy Ay X e—dm+1y’

T[(Alﬁl' LN .Bm' ﬁ' Y, data) x
l_ (]/ + /1x-(D

(14)

X [T (v +

D
Ay) X e ~2i i 121 L Bu(R] RYV+1)(x (D)y ’ X (16)

RS O
Aem+1-1g “Afm+1=21ey D12 121 1 z] Z?lyl)

As shown, samples should be generated from the
posterior PDFs of y and 4 using the Metropolis-Hastings
method as they are unknown PDFs. For this purpose, the
following Gibbs sampling algorithm is proposed:

1. Start by selecting an initial value
B0y -+ Bmoy B0y Y0y A0))-

2. Sett=1.

3. Generate value Y@ from
T(Y1Bie-1) - Bmet-1»  Be-1), Ae-1).data)

using the Metropolis-Hastings method, with
N(¥(-1), 1) as the proposal distribution.

4.  Generate value A from
T(MPBre-1) -+ Pme-1»  Be-1), Y(e-1).data)
using the Metropolis-Hastings method, with
N(A¢_1), 1) as the proposal distribution.

A. Kohansal

5. m+4. Generate value By, from I'(nk, +
k
a, by + X, X ll(R(l)
1)( (l) Y(t-1) ﬂ'(t—l)xu)
m+5. Generate value B from I'(n + apy 49, s +
a(Si+ Dy etem,
m+6. Evaluate
Riysk =
k1 km ki—p1 km=Pm (ki km
PYGENEED Mo S o () 1 (0 BT
k1—p1 Kim—Pm (=g,
x ( q; ) ( am ) x S Buny @i+ ad+Bw’
m+7.Sett =t + 1.
m+8. Repeat T times, steps 3 - m+7.
Therefore, the Bayes estimate of Rgj, under the
squared error loss functions is:
~ 1
Rf:f = ;Z{=1 Riysk - (18)
Also, the 100(1 —n)% HPD credible interval of
R i can be constructed using the method proposed in [19]
as follows. Order Ripys - Rerysk 8 Riyspy <+ <
R((rysk), and construct all 100(1 — )% confidence
intervals of Rs,k as (R((l)s,k)'R(([T(l—n)])s,k))n ey
(R(([Tn])s,k), R((m)s,,‘)), where [T] symbolizes the largest
integer less than or equal to T. The HPD credible interval
of Ry, is the shortest-length confidence interval.

3. Inference on R with Known
Common y and A Parameters

This section obtains Bayesian estimation and the
corresponding credible interval of R, under the squared
error loss function. Assuming that g4, ..., B, and g follow
the independent gamma distributions as prior
distributions, similar to Section 2, the posterior PDFs of
the parameters are obtained as follows:

Bl|]/,/1,data ~ ['(nkl + al,bl

(O]
LT (RO +1) x (xP) ™), 1= (19)
1,..,m,
Bl)/) /‘l)data ~ F(n + Am+1s bm+1 + Z?=1(Sl +
1)y e?), (20)

Therefore, the Gibbs sampling algorithm can be
implemented as follows:

1. Start by selecting an initial value
(Broys -+ B0 B)
2. Sett=1.

3. 3 - m+2. Generate value S from I'(nk,; +
a, b + Xt 12 R(l)
1)( O] Y(t-1 A(t Dxt})
m+3. Generate value B, from I'(n+
Am1s byt + 2121(S + 1) yiya_l)el(t_l)yi)-
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m+4. Evaluate

Riysk =
Sice, - Simesn St Zenatn (52) - (i) x
(k=) o (B m(—1>27'=‘1qlﬁ(t) _

a1 am 2R By itad+Be

m+5. Sett =t + 1.

m+6. Repeat T times, steps 3 - m+5.

Therefore, the Bayes estimate of Ry under the

squared error loss functions is:

~ 1
Rk =7El=1Rwsk- (22)

Also, the 100(1 — )% HPD credible interval of
R can be constructed using the method introduced in
[19].

Lindley’s approximation [20] is one of the most
important numerical methods to obtain the approximate
Bayes estimation of a parameter. Bayesian estimation of
U(O®) can be derived under the squared error loss
functions as:

1)

0)eQ®@ g
E(u(0)|data) = 40500, (23)

where Q(0) = p(0) + £(0), p(0) and £(6) are the
logarithms of the prior density 6 and log-likelihood
functions, respectively. Eq. (23) is approximated in [20]
as follows:

E(u(9)|data) = u +%; %, (uy; +
2uip;) oy + %Zi XYk Xp (24)
ik 01,j0kpUplo=p
where 8 = (04, ...,60,,), i,j,k,p = 1,..,m, 8 is the
MLE of 6, u=u(9), u; =0u/d0; u;;=0%u/
(06, 00,), ¢, = 0°¢/(86,00;06,.), p; = dp/ 86;, and
o;; = (i, )" element in the inverse of the matrix [—¢; ],

all evaluated at the MLE of parameters. By rewriting Eq.
(24) for m + 1 parameters, we have:

flin =4 + (Z?:il u;d; +dpyn + dm+3) +

1 25
S 2 AT o), 9)
where
d; =Xt POy =1, m+1, (26)
Amiz = XV S 0y 0y 5,0 <, (27)
1
dpyz = ;Z?:ilui,i Oii» (28)
o; j=k,
_ +1 +1 J.k
TEDYEvIe SRS Kl N

For (91""'9m' 9m+1) = (ﬂp"';ﬁm,ﬁ) and u =
u(By, -+, Bm, B) = Ry, We obtain:

_a-1

P = B —bl, l=1,-,m, (30)
Prmsr = BE= = by, (31)
t = —Z—?. l=1,m, (32)
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n

€m+1,m+1 = _ﬁ’ (33)
fl'k=0,l=1,-'-,m+1,l#:k. (34)
Using ¢;;,i,j=1,--,m+1, we can obtain
O—i,]" l,] = 1, e, m 4 1 and
2nk
'gl,l,l :%’ l = 1:'"’m’ (35)
2n
€m+1,m+1,m+1 = E' (36)
and other #¢; ; , = 0. Furthermore,
u =
k km ki— km—bDm 1 m
Zp1=51 me=5m Zqi=gl Z‘lm:g (I;l) (Zm) X
kqi— km—Dm m
( 1q1p1) ( g )(_1)21_1111 X (@37
Bpi+an) 1
S pperanepe = Lo
Un4+1 =
k4 km k1—D1 Km—Pm (k Km
ZPIZSl '“mezsm ZQ1=0 qu=0 (Pi) (pm) x

(k1—171) (km—pm) (_1)2{;‘1 @ x 22 Bipitan) : (38)
a1 am CEyBioi+an+p)?

Uk =
k km ki—p km=bm (k km
ZP1=51 me:sm Zqi:OI Zq$=0m (pi) (pm) X
ki-p1 km=Pm) (_1)ER1 @ % 2B (p1+q) (Px+ax) (39)
() (i) D
Lk=1,,m,
Un+1im+1 =
k km ki-p km=—pm (k
2p1=51 me=5m Zqi=01 qu:() (pi) x
(o) (57 o (Frim) (1B (40)
23, Bi(pitan)
QR Bipi+aD+B)%
Ums1 =
k km ki—p km=bm (k km
Zpi:sl me:sm Zqizol quzom (pi) (Pm) X
ki-p km=pm )\ (_1)28; ai+1
(7)o (i m) (1B (@)

@ita) B, BiwitaD—F)
Ly Bilpi+ap+B)®
l=1,-,m.

After obtaining the above values from Eq. (25), RX,
Lindley’s estimation of Rg, can be obtained. All
parameters should be computed at (B, -, B, £ ), MLES
of (B1, -+, Bm, B)-

4. Inference on Ry in the General
Case

If Xy~ MWD(.Bliyl!/‘{l)s v Xp ~ MWD(ﬁm:ym! lm)
and Y ~MWD(B,y,4A) are independent random
variables, then the MCSS parameter, Ry, can be
obtained from Egs. (3) and (4) as:
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_ k km k1 k
Rsx = p1=51 " APm=Sm <P1> (p:;l) 8
Jo B +

y) yv—leflye—ﬁy”elye—(Zﬁl ﬁzmy"le’”y) x

ILZ, (1 - e_Blyylelly)kl_m dy.

In this section, the Bayesian inference of Ry is
studied under the squared error loss functions, where
Bir s By By Vi s Vo Vo Aty ey Ay, @and A are
independent gamma random variables:

T[(ﬁl) 8 ﬁ[al_le_blﬁl! a, bl > 0’

(42)

43
l=1,..,m (43)
(B) x ﬁam“_le_bm“ﬁ, Amt1) bmgr >0, (44)
l=1,.
”(Vl) 8 yCl 1 d”/! CL dl > 0;
I= 1. (45)
n(y) ccyemi~tedme¥ ¢ odo g >0, (46)
() o« llel_le_fl’ll, e, f; >0, (47)
l=1,..,m
w(d) « Am+1~le~fmiad o £ > 0. (48)

Similar to Section 2, since the Bayes estimate of Ry,
cannot be evaluated in the closed form, it should be
approximated using the MCMC method. From the joint
posterior density function, the posterior PDFs of
Bis s B By Vs o Yoo Vo A, - Ay @nd A can be derived
as follows:

Bily, Adata ~ I (nk; + ay, by + X7 XL (Rj(t) +
1) X( (z))y RENIT )

Bly, Adata ~ I'(n + @1, bnay + X1 (Si +
Dyl e™), (50)

”(Vz |ﬁz' ll,data)

ITTF ()" (v 22
i=1 j= (51)

0}
xﬁﬂ—wWexalmm>UW”ﬂ

l=1,..,m,

’

(y|B, A,data) « l(yl (y + 2y)) %
e‘ﬁ EF=1(5i+1)yiyeAy‘yCm+1—1 —dm+1y, (52)
(A d A
1B, vi.data) o T3 11_[ yi+ gy ) X
o T T AR 1) (<) e s x

—ﬁl(fl i 121 1 t(ll)) l=1,...,m

(33)

(2|8, v data) o< [T, (y +

Ay ) e —B X (S +1)yy i Aem+1_1e_ﬂ(fm+1_2?=1Yi)‘ (54)

As shown, samples should be generated from the
posterior PDFs of y, and 4;, [ = 1, ...,m, y, and A using
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the Metropolis-Hastings method as they are unknown
PDFs. To this aim, the following Gibbs sampling
algorithm is proposed:

1. Start by selecting an initial value
( (Bicoyr = Pm(o)
s B0)s Y1(0)s +++» Ym(0)r ¥ (0 A1.(0)r =+ Am(0)s A(0))-
2. Sett=1.

3. m+2. Generate value y;) from m(y|B;-1)
Aye-1).data) using the Metropolis-Hastings
method, with N(y,_1),1) as the proposal
distribution.
m+3. Generate value y«) from n(y|Bi-1)
Ae—1),data) using the Metropolis-Hastings method, with
N(¥(t-1y, 1) as the proposal distribution.

m+4 - 2m+3. Generate value A, from (4, 5;¢-1),
Y1(¢-1).data) using the Metropolis-Hastings method, with
N(A;t-1, 1) as the proposal distribution.

2m+4. Generate value Ay from m(A|B 1),
¥Y(t-1).data) using the Metropolis-Hastings method, with
N(A¢-1), 1) as the proposal distribution.

2m+5 - 3m+4. Generate value S from I‘(nkl +

k L DYVUe-D) ,2
a, bl + Zln=1 Z]lzl(R]() + 1) ( () I(t- 1)xu )
3m+5.  Generate value By from TI'(n+

A1 b1 + X718 + 1) y}/(t Ve~ Yy,
3m+6. Evaluate

=2 2 )G
chﬁ(t) (v

+ A(t)y)yy(t) -1 e A(t)ye -Bwyy
(ST Bueypuey (O M1OY)

(55)
Y )Y

Xe

Yieey A ki=py
y
X | | (I — e By DO ) dy.

=1

3m+7.Sett =t + 1.

3m+8. Repeat T times, steps 3 - 3m+7.

Therefore, the Bayes estimate of R under the
squared error loss functions is:

= 1
Ry =23l Rsk- (56)

Also, the 100(1 — )% HPD credible interval of
Ry can be constructed using the method proposed in
[19].
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5. Simulation Study and Data Analysis

5.1 Numerical Experiment and Discussion

This section compares different estimates using the
Monte Carlo simulation. Point estimates are also
compared with MSEs, and interval estimates are
compared with AL and CP. Simulation studies were
implemented using different censoring schemes,
parameter values, and hyperparameters. The results are
obtained based on 2000 repetitions, and the number of
repetitions in the Gibbs sampling algorithm is T = 3000.
Also, the significance level is set to 0.95 to obtain the

IJRRS/Vol. 7/ Issue 1/ 2024 |25

from Eq. (18). The simulation results are provided in
Table 2. Second, assuming the common parameters y and
A are known, (B4, B2, B3, B, v, 1) = (1.5,2,1,1,2) is used
to obtain the simulation results. Also, two priors, namely
Prior 3: a;=b=c,=d,=¢e,=f,=0,1=1,..4
and Prior 4 a =c,=e,=04, b=d,=f, =
08,1=1, ..., 4 are employed to compare the Bayes
estimates of Ry, . In this case, simulation results are
obtained using Egs. (22) and (25), which are provided in
Table 3.

Table 1. Different censoring schemes

HPD credible intervals. It is supposed that the simulated (kK C.S (n,N) CS
system has two strength components. Table 1 lists the R, (0,00,05) S, (0,0.005)
censoring schemes used to g.et the rESl.J|tS. . (5.10) %, (5.00.0) 610) S, (5:000)
Three cases are considered. First, assuming the
common parameters y and A are unknown, Ry (LLLLY) S (ALLLY
(B1, B2, B3, B, v, A) = (0.9,1.5,1,1.5,3) is used to obtain Ry (07,10) Se (07,10
the simulation results. Also, two priors, namely Prior 1: (10,20) R (10,0*) (10,200 S, (10,07
aq=b=c,=d,=e,=f,=0,1=1, ...,4and Prior .
2 a,=c,=e, =03, b, =f4d4 = =05 1=1,..4 R (™) s @™
are employed to compare the Bayes estimates of R
Table 2. Simulation results when common parameters y and A are unknown
MCMC
(kq, ko, k3,1, 51,52,53) C.S Prior 1 Prior 2
MSE AL CP MSE AL CP
(R1,R1,R1,S1) 0.0521 | 0.4925 | 0.937 | 0.0435 | 0.4625 | 0.942
(5,5,5,5,2,2,2) (R, R, R,,S;) | 0.0513 | 0.4815 | 0.938 | 0.0430 | 0.4651 | 0.943
(Rs3,Rs3,Rs,S3) | 0.0510 | 0.4971 | 0.939 | 0.0428 | 0.4681 | 0.944
(Ri,R,R,SY) 0.0415 | 0.4025 | 0.943 | 0.0389 | 0.3625 | 0.947
(5,5,5,10,2,2,2) (Ry Ry R,,Ss) | 0.0410 | 0.4053 | 0.944 | 0.0380 | 0.3641 | 0.948
(Rs,Rs3,Rs,Ss) | 0.0423 | 0.4081 | 0.943 | 0.0375 | 0.3610 | 0.946
(R4 Ry Ry S;) | 0.0410 | 0.4112 | 0.944 | 0.0374 | 0.3636 | 0.948
(10,10,10,5,2,2,2) (Rs,Rs,Rs,S,) | 0.0408 | 0.4151 | 0.942 | 0.0370 | 0.3719 | 0.946
(Re,Re,Re, S3) | 0.0415 | 0.4167 | 0.943 | 0.0367 | 0.3610 | 0.947
(R4 R4 Ry S;) | 0.0354 | 0.3562 | 0.948 | 0.0305 | 0.3025 | 0.952
(10,10,10,10,2,2,2) (Rs,Rs,Rs,Ss) | 0.0360 | 0.3526 | 0.949 | 0.0309 | 0.3074 | 0.951
(Re,Re, Re, Ss) | 0.0349 | 0.3574 | 0.948 | 0.0307 | 0.3030 | 0.950
(Ry,R1, R, S;) | 0.0510 | 0.5017 | 0.939 | 0.0455 | 0.4671 | 0.942
(5,5,5,5,4,4,4) (R2,R2, R, S;) | 0.0515 | 0.5061 | 0.938 | 0.0448 | 0.4788 | 0.940
(Rs,Rs,Rs,S3) | 0.0518 | 0.5032 | 0.938 | 0.0469 | 0.4623 | 0.943
(Ri,R1,R1,S,) | 00423 | 0.4152 | 0.944 | 0.0401 | 0.3777 | 0.949
(5,5,5,10,4,4,4) (R3, R, R,, S5) 0.0420 | 0.4185 | 0.942 | 0.0399 | 0.3721 | 0.947
(Rs,Rs,Rs,Ss) | 0.0410 | 0.4116 | 0.944 | 0.0409 | 0.3613 | 0.946
(R4, R4 Ry, S;) | 0.0415 | 0.4184 | 0.943 | 0.0389 | 0.3514 | 0.946
(10,10,10,5, 4,4,4) (Rs,R5,R5, S5) 0.0413 | 0.4167 | 0.944 | 0.0380 | 0.3520 | 0.947
(R, Re,Re,S3) | 0.0419 | 0.4225 | 0.944 | 0.0371 | 0.3535 | 0.948
(R4 R4 Ry S;) | 0.0348 | 0.3471 | 0.948 | 0.0300 | 0.3125 | 0.950
(10,10,10,10, 4,4,4) (Rs,R5, Rs, Ss5) 0.0340 | 0.3625 | 0.949 | 0.0308 | 0.3085 | 0.951
(Re,Re,Re,S¢) | 0.0352 | 0.3495 | 0.948 | 0.0310 | 0.3040 | 0.952
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Table 3. Simulation results when common parameters y and A are known

MCMC Lindley
(k1, k2, k3,n,51,52,53) CS Prior 3 Prior 4 Prior 3 | Prior 4

MSE AL CP MSE AL CP MSE MSE

(R, Ry, Ry,S;) | 0.0452 | 0.4725 | 0.937 | 0.0354 | 0.4570 | 0.942 | 0.0485 | 0.0436
(5.5,5,5.2,2,2) (R, Ry, R, S,) | 0.0446 | 0.4731 | 0.938 | 0.0345 | 0.4532 | 0.942 | 0.0480 | 0.0439
(R, R, Rs,S;) | 0.0459 | 0.4763 | 0.939 | 0.0340 | 0.4528 | 0.943 | 0.0496 | 0.0430
(Ry, Ry, Ry,S,) | 0.0347 | 0.3855 | 0.940 | 0.0251 | 0.3526 | 0.947 | 0.0398 | 0.0325
(5,5,5,10,2,2,2) (R,, Ry, Ry, Ss) | 0.0352 | 0.3896 | 0.941 | 0.0259 | 0.3544 | 0.948 | 0.0390 | 0.0320
(R3,R3,R3,Ss) | 0.0340 | 0.3824 | 0.940 | 0.0240 | 0.3595 | 0.947 | 0.0400 | 0.0329
(Ry Ry Ry S;) | 0.0340 | 0.3842 | 0.942 | 0.0246 | 0.3580 | 0.949 | 0.0402 | 0.0330
(10,10,10,5,2,2,2) (Rs,Rs,Rs,S,) | 0.0358 | 0.3985 | 0.940 | 0.0249 | 0.3560 | 0.949 | 0.0389 | 0.0328
(Re,Re, Ro,S5) | 0.0350 | 0.3888 | 0.941 | 0.0256 | 0.3463 | 0.948 | 0.0389 | 0.0321
(Ry, Ry Ry, Sy) | 0.0256 | 0.2645 | 0.948 | 0.0201 | 0.2050 | 0.950 | 0.0352 | 0.0245
(10,10,10,10,2,2,2) (Rs,Rs, R, S5) | 0.0251 | 0.2633 | 0.949 | 0.0209 | 0.2036 | 0.951 | 0.0356 | 0.0240
(Re, Re, Re, Ss) | 0.0260 | 0.2674 | 0.947 | 0.0200 | 0.2085 | 0.951 | 0.0349 | 0.0244
(R, Ry, Ry, S;) | 0.0450 | 0.4730 | 0.938 | 0.0360 | 0.4566 | 0.940 | 0.0495 | 0.0436
(5,5,5,5,4,4.4) (R, Ry, R,,S,) | 0.0458 | 0.4749 | 0.939 | 0.0352 | 0.4585 | 0.943 | 0.0489 | 0.0438
(Rs,Rs,R5,S;) | 0.0462 | 0.4785 | 0.937 | 0.0349 | 0.4533 | 0.941 | 0.0496 | 0.0433
(Ry,Ry, Ry, S,) | 0.0364 | 0.3896 | 0.942 | 0.0240 | 0.3582 | 0.948 | 0.0400 | 0.0330
(5,5,5,10,4,4.4) (R,, Ry, R,,S5) | 0.0360 | 0.3845 | 0.943 | 0.0253 | 0.3564 | 0.947 | 0.0395 | 0.0334
(R3,Rs,R5,S;) | 0.0357 | 0.3878 | 0.944 | 0.0261 | 0.3594 | 0.947 | 0.0396 | 0.0338
(R, Ry, R, S;) | 0.0349 | 0.3823 | 0.942 | 0.0243 | 0.3436 | 0.948 | 0.0399 | 0.0329
(10,10,10,5, 4,4,4) (Rs,Rs,Rs,S,) | 0.0340 | 0.3865 | 0.944 | 0.0260 | 0.3568 | 0.947 | 0.0397 | 0.0327
(Re, R, R, S3) | 0.0351 | 0.3799 | 0.943 | 0.0253 | 0.3463 | 0.948 | 0.0402 | 0.0331
(R4, Ry R, S,) | 0.0250 | 0.2685 | 0.948 | 0.0208 | 0.2049 | 0.952 | 0.0350 | 0.0240
(10,10,10,10, 4,4,4) (Rs,R5,Rs,S5) | 0.0264 | 0.2631 | 0.947 | 0.0203 | 0.2066 | 0.951 | 0.0355 | 0.0247
(Re, Re, Re, So) | 0.0260 | 0.2627 | 0.948 | 0.0207 | 0.2022 | 0.952 | 0.0359 | 0.0249

Table 4. Simulation results in general case

MCMC
(k1, ko, k3,1, 81, 52,53) C.S Prior 5 Prior 6
MSE AL CP MSE AL CP
(R,R,Ry,S1) 0.0573 | 0.5326 | 0.937 | 0.0485 | 0.5031 | 0.942
(5,5,55,2,2,2) (Ry, Ry, R,, S,) 0.0586 | 0.5312 | 0.938 | 0.0480 | 0.5074 | 0.943

(Rs,R3,Rs,55) | 0.0579 | 0.5347 | 0.939 | 0.0488 | 0.5066 | 0.944
(Ry,Ry,Ry,S,) | 0.0467 | 04250 | 0.940 | 0.0375 | 0.3845 | 0.948
(55,5,1022,2) (Rp, Ry, R,,S.) | 0.0469 | 04263 | 0.942 | 0.0379 | 0.3866 | 0.947
(R, R3,R,S;) | 0.0460 | 0.4227 | 0.942 | 0.0370 | 0.3825 | 0.947
(Ry, Ry, Ry, S) | 0.0469 | 04219 | 0.942 | 0.0368 | 0.3856 | 0.947
(10,10,10,5,2,2,2) (Rs,R<,R=,S,) | 0.0472 | 04237 | 0.940 | 0.0379 | 0.3844 | 0.948
(Re,Re,Re,S5) | 0.0463 | 0.4230 | 0.944 | 0.0364 | 0.3829 | 0.946
(Ry,Ry,R,S,) | 00407 | 03152 | 0.948 | 0.0289 | 0.2633 | 0.950
(10,10,10,10,2,2,2) (Rs,R<,Rs,Ss) | 0.0400 | 0.3166 | 0.949 | 0.0280 | 0.2641 | 0.951
(R, Re,Re,Se) | 0.0403 | 0.3147 | 0.948 | 0.0283 | 0.2677 | 0.952
(Ry,Ry,Ry,S;) | 0.0570 | 05319 | 0.938 | 0.0489 | 0.5044 | 0.944
(5,5,5,5,4,4.4) (Ry, Ry, R, S,) | 0.0579 | 05340 | 0.938 | 0.0486 | 0.5050 | 0.943
(Rs,R3,Rs,S5) | 0.0586 | 0.5362 | 0.939 | 0.0483 | 0.5033 | 0.942
(Ry, Ry, Ry,S,) | 0.0475 | 04296 | 0.942 | 0.0374 | 0.3820 | 0.946
(5,5,5,10,4,4,4) (Rp, Ry, R,,S.) | 0.0470 | 04267 | 0.944 | 0.0377 | 0.3799 | 0.947
(Ry,R3,Rs,S,) | 0.0460 | 0.4318 | 0.943 | 0.0366 | 0.3866 | 0.948
(Ru, Ry Ry, Sy) | 0.0479 | 04317 | 0.940 | 0.0369 | 0.3905 | 0.949
(10,10,10,5, 4,4,4) (Rs,Rs,Rs,S,) | 0.0468 | 04268 | 0.940 | 0.0364 | 0.3822 | 0.948
(Re,Re,Re,S;) | 0.0473 | 04222 | 0.943 | 0.0364 | 0.3910 | 0.948
(Ry, Ry, R, S,) | 0.0402 | 0.3188 | 0.946 | 0.0280 | 0.2799 | 0.951
(10,10,10,10, 4,4,4) (Rs,Rs,R5,S:) | 0.0408 | 0.3167 | 0.947 | 0.0281 | 0.2764 | 0.952
(Re, Re,Re,S) | 0.0410 | 0.3200 | 0.947 | 0.0286 | 0.2602 | 0.952




Third, (B, B2, B3, B V1, V2, Vs A A2, ) = (1L,
2,0.5,1,2,1.5,2,1.5,1) is used to obtain the simulation
results. Also, two priors, namely Prior 5: a; = b, = ¢; =
d=e=f=0101=1,.,4andPrior6:a; =c; = ¢, =
025, by =d,=f;,=0451=1, ...,4 are used to
compare the Bayes estimates of R from Eq. (56), which
are provided in Table 4.

Tables 2-4 show that the informative priors (priors
2, 4, and 6) perform best for the MSE values. Also, in the
second case, the Bayes estimates obtained by the MCMC
method serve better than the ones obtained by Lindley’s
approximation. It can also be observed that among the
intervals, HPD intervals based on informative priors
(priors 2, 4, and 6) performed best for the AL and CP
values.

Furthermore, the following general results can be
obtained from Tables 2-4:

e For fixed s and k, MSEs and ALs decrease, and

CPs increase by increasing n.
e For fixed s and n, MSEs and ALs decrease, and
CPs increase by increasing k.

The two items above may occur because the number
of failures increases by increasing n, and consequently,
more information is gathered, thereby improving the
performance of estimates.

5.2 Real Data Analysis

This section analyzes a real dataset for illustrative aims.
The data demonstrates strength measured in GPA for
single carbon fibers. Single-fiber tensile tests were
conducted at gauge lengths of 50 mm, 10 mm, and 1 mm,
as found in [21]. This data type has recently been
investigated in [22] as a stress-strength model for a two-
parameter Rayleigh distribution. Suppose a system is
composed of two different single-fiber gauge lengths
such that the single fiber of 1 and 10 mm gauge lengths
are considered strength, and that of 50 mm gauge length
is the system’s stress. Let X;, X,, and Y denote the single
fiber with gauge lengths of 1 mm, 10 mm, and 50 mm,
respectively. Thus, the X,, X,, and Y observations can be
considered as follows:

13.126  3.245 3.328 3.355 3.383
3,572 3.581 3.681 3.726 3.727

3.728 3.783 3.785 3.786 3.896
3912 3964 4.05 4.063 4.082

4111 4.118 4.141 4.216 4.251

4262 4326 4.402 4.457 4.466|
4519 4.542 4555 4.614 4.632

4.634 4.636 4.678 4.698 4.738
4.832 4924 5.043 5.099 5.134

15.359 5.473 5,571 5.684 5.721-

1235 2361 2396 2397 24457 11.613-
2454 2454 2474 2518 2522|1812

2.525 2.532 2,575 2.614 2.616| |1.864
2.618 2.624 2.659 2.675 2.738| 12.051

2.74 2.856 2917 2928 2937]| 2.162

2937 2977 2996 3.03 3.125(|2.211
3.139 3.145 3.22 3.223 3.235; |2.308

3.243 3.264 3.272 3.294 3.332] ] 2.39
3.346 3.377 3.408 3.435 3.493| |2471

13501 3.537 3.554 3.562 3.6281 '2.593

The data was normalized on a 0-1 scale to simplify
calculations, which seemingly did not affect statistical
inference. First, the MWD was fitted on three datasets
separately, vyielding the following results. For X,
(B,v, 1) = (0.0032,1.2614,7.5423) and p-value =
0.4565. For X,, (B,v,4) =(5.2900e — 04, 1.1672,
9.1953) and p-value=0.1999. For Y, (B,v,A) =
(4.0904e — 04,1.1033,9.3842) and p-value = 0.9819.
From the p-values, it can be concluded that the MWD
gave suitable fits for X;, X,, and Y datasets. The estimated
parameters for different datasets show that they can be
analyzed simply by considering the general case. Fig. 3
provides the empirical distribution functions and P-P
plots for the three datasets above.

Empirical CDF

PP-Plot for X,

1 1

0.8 0.8 =)
[
0.6 0.6 @@99
S
o

0.4 0.4 &
0.2 0.2

0 o]

0.6 0.8 1 0 0.5 1

; Empirical CDF ; PP-Plot for X,
0.8 0.8
0.6 0.6

@CPO
0.4 0.4 s
@

0.2 0.2

0 0

0.7 0.8 0.9 1 [o] 05 1

1 Empirical CDOF 1 PP-Plot for ¥
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2 A

0 0

0.6 0.8 1 0 0.5 1

Figure 3. Empirical distribution function (left) and the PP-
plot (right) for X; (first row), for X, (middle row), and for
Y (third row)

For complete data set, putting s = (3,3) and k =
(5,5) with non-informative priors yields Ry and the
corresponding95% HPD interval by 0.2813 and
(0.1325,0.5062), respectively. Accordingly, two
different progressive censoring schemes can be generated
as follows:
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Scheme 1: R{W} = R{@} = [0,0,1,0], S =
[1,1,1,0,0,0,0], (k = (4,4), s = (2,2)).

Scheme 2: R} = RI@} = [0,1,1], § = [2,1,1,1,0],
(k= (33),s=(1,1)).

For Scheme 1 with non-informative priors, R} and
the corresponding 95% HPD interval are obtained by
0.3051 and (0.1536,0.5791), respectively. For Scheme
2 with non-informative priors, R} and the
corresponding 95% HPD interval are obtained by 0.5012
and (0.2035,0.8129), respectively. As we expected, a
comparison between point and interval estimates
indicates that Scheme 1 performs better than Scheme 2.

6. Conclusion

This paper considered the statistical inference of the
MWD for an MCSS system with mnon-identical
component strengths in combination with a progressive
censoring scheme. Bayesian point and interval estimates
were considered when the standard parameters were
unknown, known, and general. As Ry, and progressive
censoring schemes could be converted to some cases, the
problem solved in this paper is general.

Different estimates were compared using Monte
Carlo simulations. The simulation results suggested that
informative priors outperformed non-informative priors
in point and interval estimates in Bayesian inference.
Bayes estimates obtained by the MCMC method were
superior to those obtained using Lindley’s approximation.
Besides, more information was gathered, and the
accuracy of estimates increased by increasing the number
of failures.
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